Gaussian Inference in AR(1) Time Series
with or without a Unit Root*

Peter C. B. Phillips
Cowles Foundation, Yale University
University of York & University of Auckland

Chirok Han
Victoria University of Wellington

July 2005

Abstract

This note introduces a simple first-difference-based approach to estimation and
inference for the AR (1) model. The estimates have virtually no finite sample bias, are
not sensitive to initial conditions, and the approach has the unusual advantage that a
Gaussian central limit theory applies and is continuous as the autoregressive coefficient
passes through unity with a uniform /n rate of convergence. En route, a useful CLT
for sample covariances of linear processes is given, following Phillips and Solo (1992).
The approach also has useful extensions to dynamic panels.
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1 Main Results

We consider a simple AR(1) model in which ¢, = a+uy, uy = pug_1+¢4, with p € (—1,1] and
g; ~ 1d(0,02%). When |p| < 1, the process u; may be initialized in the infinite past. When
p = 1, we may initialize at ¢ = —1 and u_; may be any random variable and may even depend
on n, as it does in distant past initializations where, for example, u_; = ZETZI] e_j =0, (y/n)
where [n7] is the integer part of n7 for some 7 > 0. In both stationary and nonstationary
cases, observations on y; satisfy

ye=1-pa+py_1+e, pe(-11] (1)
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Model (1) is equivalent to the conventional formulation y; = a+ py;_1 +¢; for all |p| < 1.
At the boundary value p = 1, the intercept produces a time trend in 7, for the latter model,
as is well-known. In contrast, under (1), the data are either stationary about a fixed mean
() when |p| < 1 or form a simple unit root process when p = 1.

The present note provides an estimator of the autoregressive coefficient p in (1) that has
a Gaussian limit distribution which is continuous as p passes through unity. We start by
transforming (1) to the new regression equation

20y + Ayp—1 = pAya + 1, 1y = 206+ (14 p) Ay, (2)

where A is the usual difference operator. Least squares on (2) yields the following estimator
of p
b= > i1 Ay 1(2Ay: + Ay 1)
! > i1 (Ay—1)? 7

where it is assumed that {y; : ¢t = —1,0,...,n} are observed. The following limit theory
applies.

(3)

Theorem 1 For all p € (—1,1], \/n(p,, — p) = N(0,2(1 + p)) as n — oo.

This result changes when p > 1 and the system becomes explosive. In fact, p,, is incon-
sistent and the limit distribution is non-normal and no invariance principle applies, as in the
case of the conventional serial correlation coefficient (c.f. White, 1958). More particularly,
since Ay, = O, (p*) when p > 1, it is clear from (2) that in this case p,, —, 1+2p. However,
when p is in the local vicinity of unity and the system in only mildly explosive, the limiting
distribution is still Gaussian, as we now show.

Let p = p,, and a, = p, — 1 depend on the sample size n, so that a, measures local
deviations from unity and a,, — 0 as n — oo. The system is now formally a triangular array,
but it is convenient to omit the additional subscript in the notation. Since u; = p,,us—1 + &4,
we have

t
Uy = U+ Z o lej 2, (4)
j=1

and because y; = o + uy,
A1 = aplp—9 + €41. (5)

Using (5), we write

Z(Ayt_l)Q =a? Z up_y + 2ay, Z U041 + Z e 1, (6)
=1 =1 =1

t=1

and since 1, = 2(Aeg; + Ays1) + 4 Ay, 1 = 2(apus_o + &) + a, Ay, 1 due to (5), we have

n

Z Ay_1my =2 Z(anut—Q + 1) (anui—2 + €1) + ay, Z(Ayt—l)Q- (7)

t=1 t=1 t=1



So from (6) and (7),

where

A 73 > 31 P
a7 Y iy Ui—o +2an Y g WeoEr1 + Y €

B 2> 0 lanu—o(er—1 + €1) + €r64-1]

a2 Doy Upog F2ap Y W€ + D &y

Here, a,, + d,, explains the transition of the bias from zero to p, + 1 as p,, increases beyond
unity, and the quantity &, is instrumental in determining the asymptotic distribution.

In the unit root case where a, = 0, the bias term a, + 0, is zero, and /n§, =
2n Y23 e /nE Y1 €2 = N(0,4), giving the result of Theorem 1. If p, = p > 1,
i.e., if u; is explosive, then > 7", u? , dominates the other terms related with ¢, so 6, —, 2,
and &, converges to zero at an exponential rate, as can be shown using analytical tools
similar to those in recent work by Phillips and Magdalinos (2005).

When p,, | 1 at arate such that neither a2 ", u? , nor Y ", € | dominates each other,
the asymptotics will be located somewhere in between those two extreme cases. The exact
border-line rate of p,, is determined by the condition that

(9)

&n (10)

cn=ph/\/n—cel0,00)asn— oo, p,>1 (11)

One example that satisfies (11) with ¢ > 0 is p,, = (cy/n)"/" in which case ¢, = c. This p,
converges to unity at a rate slower than n~! and faster than n=” for any 5 < 1 when n is
large.

Now suppose that the u; series is initialized at ¢ = —2 and the effect of the initial status
is negligible in the sense that

i_9=a*0" u_y —,0. (12)

Let ¢, = lim, . p," € [0,1] and ¢ = limna,p,”. If ¢ > 0, then ¢, = ¢, = 0, and if
a, = o(n™'), then ¢, = 1 because log p,™ = —nlog p,, = —nlog(1+a,) = —nla,+o(a,)] — 0,
and c,. = 0. Note that c,, is not always zero. One example is p,, = 1 + ¢/n, in which case
na, = c and p! — e, therefore c.. = c¢/e®. Using (8), (9), (10) and Lemma 7, we have the
following result.

Theorem 2 When p, > 1, under (11) and (12),

where
(4) 6, = 32X?/ (32 X% +1),
(#0) /1€, = (XY +27)/(32X> + 1),



with

X 1-¢2 ¢, O
Y| ~N|0,| ce. 1-—¢2 0]]. (13)
A 0 0 1

Note that the covariance c,, of X and Y is irrelevant for the limit distribution of \/n(p,,—p,,)
because if ¢ = 0 then the XY term disappears from /n&, and if ¢ > 0 then ¢,, = 0.
If ¢ = oo, then d,, —, 2 and thus p,, = 2p,, + 1 + 0,(1), implying that

2?21 Ay1Agy
> i1 (Aye1)?

Furthermore, in this case the limit distribution of \/n&,, is degenerate and when appropriately
(i.e., exponentially) scaled, it can be shown that the limit distribution is Cauchy-like. We
do not pursue this case in the present paper.

On the other hand, if ¢ = 0 and p,, | 1 sufficiently fast, we still have a Gaussian limit
distribution, as follows.

= pn + OP(l)‘

Theorem 3 If p2"/\/n — 0, then under (12), \/n(p,, — p, — an) = N(0,4).

An obvious example satisfying the condition for Theorem 3 is the conventional local to unity
case, where p,, = 1+ ¢/n, p* — ¢° and hence n~*/?p" — 0. In this case \/na, — 0 and so
the bias does not affect the limit distribution, giving \/n(p,, — p,,) = N(0,4), as in Theorem
1 when p = 1. Thus, Theorem 1 holds with the same /n rate as p passes through unity to
locally explosive values.

The novelty in this result is that the limit distribution is clearly continuous as p passes
through unity. So the Gaussian limit theory may be used to construct confidence intervals for
p that are valid across stationary, nonstationary and even locally explosive cases. However,
such confidence intervals are wide compared with those that are based on the usual serial
correlation coefficient and clearly the N(0,4) limit theory is insensitive to local departures
from unity.

Differencing in the regression equation (2) reduces the signaling information carried by
the regressor Ay, 1 in comparison to the usual levels-based approach. The effects are most
obvious when p,, — 1 in which case the conventional serial correlation coefficient has a higher
rate of convergence (c.f. Phillips and Magdalinos, 2005), so p,, is infinitely deficient over this
band of p, values. On the other hand, the limit theory is not sensitive to initial conditions
at all when p = 1, as is the limit theory for the conventional serial correlation.

Simulation results are provided in Table 1. The limit theory is apparently quite accurate
even for small n. Noticeably, there is virtually no bias in the estimator, unlike conventional
serial correlations, and the t-ratio is well approximated by the standard normal.

2 Models with Trend

Next consider the corresponding model with a linear trend. Define y, = o + vt + u;, where
U = pug_1 + &, & ~ 1id(0,0%), and p € (—1, 1], with the initial conditions at ¢ = —2 and
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Table 1: Simulation evidence from 50,000 replications. The t-ratios are computed using
Vn(p, — p)/v2(1 + p,). The simulated variances of the ¢-ratios are given in the ‘v(t)’

columns.
p=0 p=0.3 p=0.5
Ln | EG) [nv®) [ v [ E@ [nvlp) | v@) [ E(@) [nv(p) [ v(D) |
40 0.023 | 2.009 | 1.025 || 0.317 | 2.548 | 1.020 || 0.512 | 2.896 | 1.019
80 0.012 | 2.001 | 1.007 || 0.310 | 2.554 | 1.001 || 0.506 | 2.937 | 1.006
160 0.007 | 2.031 | 1.017 || 0.304 | 2.560 | 0.995 || 0.503 | 2.958 | 0.999
320 0.003 | 2.012 | 1.007 | 0.303 | 2.569 | 0.993 || 0.502 | 2.973 | 0.997
p=0.9 p=0.95 p=1
0 [ Q) ) [0 [EG) [wv() [0 [ E@) [ [0
40 || 0.903 | 3.651 | 1.026 | 0.951 | 3.706 | 1.018 || 1.001 | 3.848 | 1.028
80 || 0.902 | 3.672 | 0.997 | 0.951 | 3.782 | 0.999 || 1.001 | 3.910 | 1.009
160 || 0.901 | 3.759 | 1.004 | 0.950 | 3.833 | 1.000 || 0.999 | 3.964 | 1.010
320 || 0.901 | 3.729 | 0.989 || 0.950 | 3.847 | 0.995 || 1.000 | 3.977 | 1.003

the same specifications as before. The implied model is

yr = (L= pla+py+ (1= p)vt + py-1 + &

(14)

For this model, we use double differencing to eliminate the intercept and the trend, leading

to

By recursion, we have

o0

A%y = pAPy,_1 + A

o0

APy = ZPjA%Stfjfl =e1—(2—plera+ (1—p)° Z pj725t7j71>

=0

and then

E(A%, 1) =1+(2—-p)?%+ (

Further, since A%e; = &; — 2641 + €4_2, We have

=2
1= p) _ 23— p)?
1—p2  14p °

EAN*y, (A%t =[-2— (2 p)lo* = —(4 — p)o*.

It follows from (17) and (18) that

EA2yt7177’t = 07

where 7, = 2A%; + ¢A%y,_1,

Q=

3—p

A-p)(+p)

(15)

(16)



The orthogonality condition (19) leads to the regression model

f, = 2(A%y, — pAPy,_1) + oAy, = (2A0%y, + A%y 1) — OA%y, .y, (20)
where
(1—p)?
Q=14+20—¢p = — . 21
+2p—¢ 5=, (21)

Least squares regression on (20) produces the estimator

Doy A%y 1 (20%; + APy, )
> te1 (A%y1)? ’
where it is assumed that {y, : t = =2, —1,0,...,n} are observed. The estimate 0,, is consistent

for 6 and because A2y, is stationary for all p € (-1, 1], it is asymptotically normal, as shown
in the following theorem.

0, = (22)

Theorem 4 For all p € (—1,1], v/n(0, — 6) = N(0,V,) with
<1+p>2§:b ,
bi=2@3-p)+(1=p*—{2-p)+201-p)*/1+p)}e,

by=—(2=p)[L+(1—p)* ]+ (1 —p)>’s/(1+p)
b =p"2 (1= p)* [(L=p) +po/(1+p)], k=3,

where ¢ and 0 are defined in (19) and (21) respectively.

Some simulations are reported in Table 2, where the data for y; are generated by (14) with
a=vy=1landeg ~N (0,1). For small sample sizes, 0,, seems to be slightly biased upwards.
Note that 0,, needs to be transformed back to p in order to estimate V), and compute the
t-ratio. The recovery of p is conducted according to p = 3[2+6 — /0(0 — 8)] if § < 0 and
p=1if # > 0. This right censoring seems to cause slightly large variations in the t-ratio for
p =~ 1 with small sample sizes.

Note that Y ;7,02 = (1 — p)°[(1 — p) + pp/(1 + p)]*/(1 + p), which is continuous in p.
Thus V, is continuous in p and the asymptotic distribution is again continuous as p passes
through unity. When p = 1, we have § =0, by = 1, b, = —1, and b, = 0 for all £ > 3, and
the next result follows directly.

Corollary 5 If p = 1, then \/n 6, = N(0,2).

3 Extensions and Applications

The difference-based approach to estimation that is explored above can be particularly useful
in dynamic panel data models with fixed effects. For dynamic panels, the transformation (2)
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Table 2: Simulation evidence relating to Theorem 4 with 50,000 replications.

p=0 p=0.3 p=0.5
(0 =-0.333,V,=1210) (§=-0.181,V,=1547) (#=—0.1,V, =1.751)
Lo | EO [w@®] v [ EG) [w®) ][ v©) [ EG) [nv(d)] v() |
40 | —0.308 | 1.267 | 1.026 | —0.159 | 1.594 | 1.119 | —0.078 | 1.756 | 1.166
80 || —0.321 | 1.240 | 0.993 | —0.170 | 1.569 | 1.052 | —0.089 | 1.746 | 1.092
160 | —0.326 | 1.240 | 0.998 —0.176 | 1.554 | 1.015 —0.094 | 1.780 | 1.074
320 || —0.330 | 1.224 | 1.000 —0.179 | 1.573 | 1.019 —0.097 | 1.764 | 1.034

p=0.9 p = 0.95 p=1
(0 = —0.005, V, = 1.990) (0 = —0.001, V, = 1.997) 0=0,V,=2)
Lo | BO) [w@®] v [ EG) [w®) [ v) [ EE) [nv(d)] v(0) |
40 0.019 | 1.973 | 1.228 0.023 | 2.013 | 1.253 0.024 | 2.002 | 1.244
80 0.007 | 2.001 | 1.175 0.010 | 2.005 | 1.177 0.013 | 1.994 | 1.170
160 0.001 | 1.985 | 1.114 0.005 | 1.988 | 1.115 0.005 | 1.997 | 1.120
320 || —0.002 | 1.977 | 1.075 0.003 | 2.010 | 1.090 0.004 | 2.000 | 1.083

effectively eliminates fixed effects and because information about the autoregressive coeffi-
cient accumulates as the number of both individual and time series observations increases,
the cost of first differencing disappears rather quickly. Moreover, as the simulations indicate,
there is virtually no time series autoregressive bias in this approach, so that the dynamic
panel bias is correspondingly small. Furthermore, there is no weak instrument problem as
p — 1 in this new approach, as there is with conventional GMM approaches. Moreover,
the Gaussian limit theory with estimable variances also holds with the time span T fixed
and large N, not just for large T'. Also, in view of Theorem 4, incidental linear trends can
be eliminated, while still retaining standard Gaussian asymptotics with estimable variances.
This last fact allows for the construction of valid panel unit root tests in the presence of
incidental trends. These issues are being explored by the authors in other work.

4 Proofs

Let X; = C(L)er = > 5 ¢jer—j and Yy = D(L)e, = > djer—; where g, ~ 1id(0,0%). Let
> o ¢id; = 0so that X; and Y; are uncorrelated. Define ¢, = > °(¢cjdi; + ¢t jd;). We first
establish a useful CLT for n=%/23"" | X;V}, in a manner similar to Phillips and Solo (1992).

Theorem 6 > 797 < oo and n™ Y231 | X,Y; = N(0,0* Y °07) if

i s(c2 + d?) < oo. (23)



Proof. Let a; = |cj| + |d;|. Then |c;dy, + cxd;| < |cjdi| + |crd;| < ajay for all j and k, and
(23) implies that

iai < 00, isa? < 00. (24)
0 1

2
ajak:Jrj)
£ ) ()
k=1 7=0 1
by (24), so 377 < oo is proved.

For the CLT, write X,Y; = > 0 ¢;jd;ef ; + Doreo 2o (Cidk +erdy)er ek = Zar + Zi.
We will show that

because a7 < 2(c5 + d?). Thus

Z% = Z [Z(dekﬂ' + Ck+jdj)] < Z <

0

I
o

=1 7

n_1/2 Z Zat —p 07 (25)
t=1

n~1/? Zth = N <0,04 Z¢i) . (26)
= 1

For (25), let f; = ¢;d; and F(L) = f;L7. Then Z,, = F(L)e;. Apply the Phillips-Solo device
to F(L) to get F(L) = F(1)+ F(L)(L — 1) = F(L)(L — 1), where F(L) = S3° f;L7, which
simplifies because F(1) = > ¢;d; = 0 by supposition. Thus, we have

71/2ZZ =n Zo— cm, Z :ijgtj (27)

Now (25) follows if sup, F|Z| < co. But

E|Zyl| < EZ\fJ\et = 02erj| < 022 Z 15l = aQZsm

7=0 k=j+1
and furthermore

oo

o o0 172 / « 1/2
Zs|fs| = Zs|csds| < <Z sci) (Z sd?) < 00
1 0 0

1
by (24). So (25) is proved. For (26), let g ; = ¢jdk+j + cptjdj. Then

i Z Z (cidi + ckdj)er—jer—i = Z Z(cdeH + Cryidj)Et—jEt—r—j

=0 k=j+1 Jj=0 r=1

= Z Zgr,jgt—jgt—r—j = ZGT(L>5t5t—T» G, (L) = ng[ﬂ
r=1 0 r=1 0



Use the Phillips-Solo device again to each G,.(L) to get G,(L) = G,.(1) +G(L)(L—1). Thus

1/2 Z Zb =n —1/2 Z Z G gtgt—r + n_1/2 i(ﬁro - 67‘71)7 (28)

t=1 r=1 r=1

where 0,y = G, (L)eier—r = Y o Grj€t—jEt—r—j With G, ; = Z;’O:jﬂ grs- But

o
rjét—jct—r—j — Et—j E 9rj€t—r—j | »
r=1 r=1 ]:0 ]:0 r=1

NE
§z

I
NE
NE
Na¥
%
o
NE

Thus, we have

j=0 r=1 §=0 r=1 \k=j+1

and again because |gi ;| < aja4;,

wi<i%J<iiQi%MJ

7=0r k=j+1 7=0 r=1 =j+1
0o 00 0o 0o 0o 0o 0o 0o
_ 2 2
S SITA L DI ED I DI DI I
j=0 r=1 \k=j+1 k=j+1 j=0 \k=j+1 r=1 k=j+1

(Y (5 E(E 0

sa ) by (24).

Thus (29) is finite uniformly in ¢, so the second term of (28) converges in probability to zero.

The first term of (28) is =423, gef ; where e/ ; = 3°°° G, (1)g;,_, with G,(1) = ¢, =
> o (¢jdytj + ¢;44d;). This term will be shown to follow the martingale CLT, which holds if
(i) a version of Lindeberg condition holds, and if (ii) n=* Y"1, (g7 )% —, 0*>.3° 9. The
Lindeberg condition follows directly from stationarity and integrability. The convergence in
probability (i) holds if n=*>_7(ef_,)? —, 02>.3° 47, which is satisfied by Lemma 5.11 of
Phillips and Solo. (See 5.10 of Phillips and Solo for details.) Now the stated CLT follows by
(25) and (26) because X;Y; = Z, + Zy. (]

It is of some independent interest from a technical point of view that only a finite second
moment is assumed for ¢; in the above derivation.

Theorem 1 is now proved using Phillips and Solo (1992, theorem 3.7) for the denominator
and our Theorem 6 for the numerator. Below, the regularity conditions are automatically
satisfied because of the exponentially decaying coefficients in the lag polynomials.



Proof of Theorem 1. First note that

n~1/? Z?zl Ayi_1m,
=ty (Ay)?

When p = 1, we have Ay; = ¢; and 1, = 2Ae; + 2Ay; 1 = 2¢4, S0

Vilp, —p) = (30)

207123 e 18y 2N(0,0%)
N, — — : ! — N 0 4
\/ﬁ( P) n—1 Et 5%_1 o2 d ( ’ )’

as stated. For |p| < 1, since

Aytl—pAymeAetl—Zp]A&j1—&1— (I—p Zp] €i—j-1,  (31)

we find E(Ay;—1)? =02 [1+ (1 — p)2 377 p*U~Y] =202 /(1 + p) and hence

1 < 20
oD (Ag) S (32

t=1 I4p

by Theorem 3.7 of Phillips and Solo (1992). We also have
n, = 2A€t + (1 + p)Ayt—l = 2¢; — (]_ — p)gt—l — ]. — ij Et—j—1- (33)

Let Ay, =Y o ¢jer—j and 0, = > " dje;_;, where
Co = 0, do = 2,
C1:17 dl __(1_p)7
Cr = _pk72(1 - p)7 dk‘ k 2(1 - /02)7 k > 27

due to (31) and (33). Clearly EAy,_1m, = —(1—p)+ (1 —p)(1 —p*)(1+p*+---) =0, and
by Theorem 6, we have

n~? ZAyt—lm = N <O7 ot Z"‘bi) SS Z(dek+j + Crrjdy), (34)
t=1 1 =0

so it only remains to calculate the 1,’s. After some algebra, we get
- k=1
chdk-i—j =P (1 - p)? k>1,
j=0

and

ch-i—]d =3-p, ch+] - (1_,())(2—[)), k> 2,

10



implying that
wl = 27 wk = _2pk72<1 - p)7 > 2.

So the variance in (34) is o[4 +4(1 — p)2 .5 p**=2] = 80*/(1+ p). Finally, from (30), (32)
and (34) with the calculated variance, we have

VAl —p) = (”p) N (o 5! ) i N(0,2(1+ p)),

202 "1+

as stated. ]
Theorem 4 will be proved next because it involves similar algebra. Recall that ¢ =

(4—=p)(1+p)/(3=p)and O =—(1-p)*/(3—p).

Proof of Theorem 4. Write

- n-1/2 o A2y, 47,
\/ﬁ(en - ‘9) - n_1/2 Zt(Agytfl)?

The denominator of (35) converges almost surely to 2(3 — p)o?/(1+ p) by (17) and Theorem
3.7 of Phillips and Solo (1992). As for the numerator of (35), because of the exponential decay
in the coefficients of the lag polynomials we may invoke Theorem 6. Let A%y = > 0" ¢jer—;
with

(35)

=0, c=1,c=—2-p), ca=p"31-p)? k>3, (36)

due to (16). Because 7, = 2A%; + ¢A%y; | = 26, —4ey 1 +26 2+ Zgo cj€t—j, we also have
=20 djer—j with

do =2+ ¢Co, d1 =—4+4 ¢Cl, dg =2+ ¢CQ, dk = ¢Ck, k > 3. (37)
Note that Y ¢° ¢;d; = 0. We can show that >°°,) cjcprj = p* ' where p = —2(1—p)?/(14-p)

for k > 1. (First show the result for £ = 1, and then use the recursion ¢, = pc;, j > 3.)
Using this fact and (36) and (37), we can show that

Z ¢y = 2e1{k = 1} + (1 + "' 1)9,

Jj=0
00

Z Chyjdj = 2(cr — 20,11 + Cri2) + (Chyr + PP 1),

=0
for £ > 1. Adding term by term, we get
Pp = 2bp =2 [er{k = 1} + (1 — 2cp11 + Crya) + (Crsr + 0" 1))

and by Theorem 6, n=%/23"" A%y, 7, = N(0,40*> 7°b2). The result then follows by
combining the limits for the numerator and denominator. [
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Next we prove the theorem for the mildly explosive case (11). Define

2an 1/2 n 2an 1/2 n (1)
Xn,k; == <?> an Et— ks nk‘ (?) ;pn gt—ka (38)

W, =n"131 62 /0% and Z, = n~ Y23} g5, 1/0% We will deal with the individual
terms of (6) and (7) one by one. Note that ¢, ~ id(0, 0?).
Lemma 7 The following is true:

~2

Z C ng n palch —n~h)uz,
n02 Up_g =

2(p, +1) Pt 1
\/p_cfrul 2(p2enXna — nY00) — vin;
2a,, - -
12,2 Z Up—9Et—k = CnXn2Ynk + ﬂCnYn,kaz — Vg, k=01,
t—

where

Vip = Pn+1z ZZ'O" €j—2€k—2

=1 J 1 k=j+1
Yonk = Zan g0tk = Opla)/?), k=0,1.
t 1 j=t+1

Proof of Lemma 7. The expressions are worked out using the identities Y ", 22:1 Ty =

n n n t—1 n—1 n n n n n
Zj:l Zt:j Tty Dps Zj:l Ltj = Zj:l Zt:j+1 T, and Zt:j+1 Zk:j+1 LTtk = Zk:j+1 D i Ttk
[

The next lemma provides a useful simplification.

Lemma 8 X, > =X, 0+ 0,(1) and Y,,; =Y, 0+ 0,(1).

Proof. Let ki, = (2a,/0%)/? (only for notational simplicity). Then

n2 - klnzpn Et—2 = kln an t+2)5

t=—1

= ki (%2 Y ooitertpyte oo = p " Ve - pn”€n>

t=1
= 0 X0 + Fin(py e 1+ pr%e0 — p " Ve — plen)
_ p;2Xn70+Op<kn) = X0+ O, ( 1/2>
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under (11), because X, = O,(1) and p,*> =1 —a,(p, +1)/p2 =1 — O(a,). Similarly,

n n—1
Yn,l - an szingt—l - k2n Zpﬁjliné\ta k2n - <2an/02)1/2
t=1 t=0

= Kan (pn Y ol e+ py e — Pn€n>
t=1

= PpYno + k2n(prll_n50 — PnEn) = Yoo + Op(a}zﬂ)
under (11). u

Now let X,, = X,,0 = (2a,/0?)Y2 Y1, pite and Yy, = YV, 0 = (2a,/0?)V2 3" | pirne, for
notational simplicity. We obtain the limit distribution of (X,,,Y,, Z,). The following lemma
will be useful in proving the CLT in Lemma 10.

Lemma 9 Under (11),
(i) maxi<o<n an*py"er] = 0;
(i) max;<ien an -pl |2 = 0;
(#41) maxy<i<pn~V2|g8, 1] —p 0.

Proof. We prove (i) and (ii) and (iii) follow similarly. Let b,; = a,p,**. Then (i) states
that max;<;<, b,ll{52|6t| —, 0 or equivalently that max;<;<,, bne? —, 0. So we shall show that

P{max bnt&?f > 5} — 0 for all 0 > 0.
1<t<n

Fix 6 > 0. Because

n

P{max byt > 6} =1 =] (1= P {buct > 6}).

t=1

this probability converges to zero if and only if " | P {be? > 6} — 0. But
> P {bwe; >0} =) (but/0) - (/b)) P{e} > 6/bui}
t=1 t=1
< (bue/0)Eef1{e] > 6/bui}
t=1

< Z(bm/(S) max Ee1{e? > 6/bu}

t=1
<5t (Z bnt> Ee?1{e? > 6/a,} — 0,
t=1

because by < an, a, — 0, Eel < 0o, and D) by < a,,/(p2 — 1) =1/(p, + 1) = O(1). This
proves (i). u
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Lemma 10 Under (11), (X,,Yn, Zn) = (X, Y, Z) with limit distribution (13).

Proof. The limit variance matrix is straightforwardly obtained by calculation. For the joint
Gauss limit, we use the Cramér-Wold device and show that for any constants A}, A5 and A3,

Up = XX, + MY, + A5 Z,,

converges to a normal distribution. Let A\; = v/207'\5, Ay = v2071\}, and A3 = 02},
Then by the definition of X,,, Y,, and Z,,, we have

Un = Corr Cor = a/> (Mapp’ + Dol ") &0 + Aan ey

Let F,,; be the o-field generated by ¢;, j < t. Then ¢, is a martingale difference array with
respect to F,,;. We invoke the martingale difference CLT (e.g., Theorem CLT of Phillips and
Solo, 1992), which requires that

() Xim G = 3 [T+ 21— e2) + 2Mdocn] 0% + Ajo!
(i) maxi<i<n |G| —p 0.
But (ii) is already proved by Lemma 9 because

max 1€l < M max ap-tled] + Ao max a, a2 pt=" e + As max - 2|6,4],

so it remains to prove (i). Write

DG =Y anapy  ep el A3 ntelel
t=1 t=1

t=1

+ 2)\3 Z a}l/znflﬂ()\lp,:t + /\Qpﬁfn)é‘?gt_l

t=1

- an + )\ Q2n + 2)\3Q3n7 say.

We show that Qi, — 3 [(AT + A3)(1 — ¢2) + 2\ Aacs] 02, Q2 —p 0%, and Q3, —, 0 by
invoking Theorem 11 at the end. (Readers are recommended to refer to that theorem before
proceeding.)

For Qu,, let by = an(Aip,t + Aopl™)? and v, = by(e? — 0?). Clearly, this vy, is
a row-wise martingale difference with respect to the natural o-field, and condition (a) of
Theorem 11 is obviously satisfied because ¢; are uid. It is just a matter of calculation
that > 7 b — 2 [(AT +23)(1 — ) 4+ 2\ Aace] and Y1 b2, — 0, so by the theorem,
thl Upt —p 0. Now because 1, = thl Upt + 02 22:1 bnt, we have the desired convergence

for an.

14



For Qan, let v,y = n1(e2—0?)(e? ;—0?) and b,y = n~*. Then v,; constitutes a martingale
difference array, and by Theorem 11, >} | v, —, 0. Now

2 " 2 "
- +0_ (2_ 2)+O_ (2 . 2)+ 4 _ 4
5t5t 1= Unt + g —0 - €,.4—0 ot —, 0.

t=1 t=1 t=1

Next, for Qs,, let by = (a,/n)Y2(A\ip;t + Xopt™) and vy = bu(e?2 — 0%)e;_1. Then
condition (a) of Theorem 11 is obvious, and condition (c) is also straightforwardly verified.
Condition (b) also holds: If limna, > 0, then .7 | by < (na,) Y?(A1+p,A2), which is finite
in the limit, and if na, — 0, then Y"1 byt < (an/n)2 (A + X2) = (na,)2 (A + A2) — 0.
And as aresult > ;" , v,y —, 0. Now

n n
2
Q3n = E Unt +0O E bntgt—l —p 0,
t=1 t=1

because the second term converges to zero in Ly. Thus, the conditions for the martingale
CLT are all satisfied and we have the stated result. ]

Proof of Theorem 2. Combine (8), (9), (10), Lemma 7, Lemma 8, and Lemma 10. =

Proof of Theorem 3. If p2/\/n = \/nc2 — 0, then (a2//n) >} u? 5 —, 0 by Lemma
7, and therefore \/nd, —, 0. Also, because ¢ = 0 in this case, \/n¢,, = 2Z ~ N(0,4). So

as stated. ]

The following result is adapted from Davidson’s (1994) Theorem 19.7, and is used in the
proof of Lemma 10. For a more general and detailed treatment, see Davidson (1994).

Theorem 11 Let {v,;} be a row-wise martingale difference array, and {b,:} an array of
positive constants. If

(a) {vnt/bni} is uniformly integrable,
(b) limsup,, .o > b < 00,
(¢) limy oo 327, b7y = 0

then Z?zl Unt —1, 0 and thus Z;‘Zl Unt —p 0.
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