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A severe loss of precision is unravelled in the numerical calculation of surface integrals

that appear in the Extended Boundary Condition Method (EBCM), to calculate the

T-matrix elements of axisymmetric particles. We systematically study the occurrence of

numerical cancellations for three basic particle shapes, namely cylinders, spheroids, and

offset spheres, with typical sizes, aspect ratios and materials often studied as bench-

mark examples in the literature. The cancellations are evidenced both for spheroids and

offset spheres, and are particularly pronounced in the latter case. The resulting loss of

precision is independent from the commonly asserted problems of matrix inversion. We

show that the origin of these severe cancellations can be further studied and under-

stood by numerical investigations of the scaling of the integrands and integrals with

respect to the particle size parameter. This allows us to develop a detailed mathema-

tical proof of these cancellations. The results suggest that the EBCM method, in its usual

formulation, suffers important numerical instabilities which reduce the domain of

convergence for specific particle shapes that are commonly used for testing and

benchmarking the method.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

From the vast array of numerical techniques available
to rigorously solve Maxwell’s equations [1], the Discrete
Dipole Approximation [2], the Finite Differences method
[3], and the T-matrix framework [4] have been used
extensively to model the optical properties of nonsphe-
rical particles (the special case of spheres is very effi-
ciently handled by Mie theory [5–7], with practically no
disadvantage). Within its realm of applicability, the T-
matrix approach is widely recognized for its elegant
formulation of the scattering problem, which facilitates
the development of semi-analytical procedures for effi-
cient orientation averaging [8], and the treatment of
multiple-scattering in ensembles of particles [9]. First
introduced by Waterman [10], the T-matrix framework
ll rights reserved.
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considers the truncated series expansions of the incident,
internal, and scattered fields in a basis of vector spherical
wavefunctions (VSWFs). Such expansions read, for the
incident and scattered fields, respectively [4],

EIncðrÞ ¼ E0

X
n,m

anmMð1Þnmðk1rÞþbnmNð1Þnmðk1rÞ,

EScaðrÞ ¼ E0

X
n,m

pnmMð3Þnmðk1rÞþqnmNð3Þnmðk1rÞ,

where k1 is the wavevector in the surrounding medium, r
denotes the position vector, MðiÞnm,NðiÞnm are vector spherical
harmonics, anm, bnm are the known coefficients of the
incident field, and pnm, qnm are the unknown coefficients
of the scattered field. nZ1 and 9m9rn denote here
the total and projected angular momentum numbers.
Following the linearity of Maxwell’s equations, the coeffi-
cients of these expansions can be linked in a linear
relationship between incident and scattered field, written
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in matrix form

p

q

 !
¼ T

a

b

� �
:

The transition matrix (T), so-called T-matrix, thus fully
describes the scattering properties of the particle for an
arbitrary incident beam, and formally provides an exact
solution of Maxwell’s equations. In practice, the infinite
series expansions—and consequently the T-matrix—need to
be truncated to a finite maximum order N, which (theore-
tically) dictates the final accuracy of the calculation.

Historically, the Extended Boundary Condition Method
(EBCM) was introduced conjointly with the T-matrix
framework by Waterman to calculate the matrix elements
[10]. It has in fact become customary, if somewhat
misleading, to see in the literature the generic appellation
T-matrix being used in place of the more specific acronym
EBCM. Although a variety of other techniques have been
proposed to calculate the T-matrix of a given scatterer
[11–16], the EBCM remains arguably the most efficient
and elegant approach when it is applicable, and lends
itself naturally to further analytical work.

Within the EBCM approach, the T-matrix is obtained as
a matrix product [4]

T¼�RgQQ�1, ð1Þ

where the matrix Q expresses the null-field condition
relating the incident and internal fields, while RgQ
describes the formation of the scattered field from the
internal field. The matrix elements of RgQ and Q are
formally similar and can be expressed analytically as
integrals of products of vector spherical harmonics over
the particle surface. They differ only in the type of
spherical Bessel function used: regular for RgQ and
Hankel of the first kind for Q . In practice, these integrals
need to be evaluated numerically. For particles with
symmetry of revolution, the surface integrals reduce to
one-dimensional integrals with much simpler expressions
(relatively speaking); the number of integrals to be
evaluated is also reduced dramatically, as different m

values are decoupled. For this reason, a predominant
fraction of previous works, this one included, have
focused on axisymmetric particles.

The EBCM has been widely applied to a variety of
systems in both electromagnetic scattering (see [17] for a
comprehensive review) and acoustic scattering [18]; the
formulation is somewhat simplified in the latter case due to
the scalar (as opposed to vectorial) nature of the problem.
Despite these successes, it is also well-known that the
method suffers, under some conditions, from serious
numerical problems regarding convergence and loss of
accuracy [19]. Several improvements have been reported
on the commonly used implementation of Mishchenko [20],
notably to extend the range of numerical convergence for
large non-absorbing particles [21], and for strongly absorb-
ing particles such as metals [22]. Most work on these
aspects suggested that the crucial step in resolving issues
of numerical stability lies in the inversion of the linear
system (1). Increasing the numerical precision [23], or
improving the matrix inversion algorithm [24], was indeed
found to extend the domain of convergence of the EBCM.

With a different perspective, Waterman, recently revi-
siting the foundations of the EBCM, noted the appearance
of severe loss of precision in the calculation of the matrix
elements themselves, before performing the inversion,
clearly undermining the accuracy of any subsequent
numerical operation [25,26]. Waterman also proposed
some hints on where the origin of such loss of precision
might lie, namely the presence of important cancellations
in the calculation of the integrals. However, these findings
and remarks remained without formal justification.
Furthermore, Waterman’s studies focused on two parti-
cular cases: acoustic scattering [26] (which is a scalar
problem) and electromagnetic scattering by an infinite
cylinder [25] (a 2D problem), thereby eluding the impor-
tant case of electromagnetic scattering in 3D. These
studies provide us with a starting point to further inves-
tigate important loss of precision in the T-matrix method
for electromagnetic scattering by axisymmetric bodies,
which is the subject of this work.

We here demonstrate in a systematic study that such
severe loss of precision does occur in the computation of the
Q-matrix integrals, in particular for widely studied particle
shapes that are generally considered as ideal case studies for
their simple geometries. The underlying cancellations are
particularly severe in the case of offset spheres, and to a
lesser degree spheroids. They are also more prominent for
small particles, but this may not be a problem if conver-
gence is achieved for small N. Large particles are typically
more problematic than smaller ones within the T-matrix
framework, as more multipoles (i.e. a larger N) are required
to describe the far-field scattering properties. While the far-
field properties of small particles with moderate aspect
ratios may reach a satisfying degree of convergence for
moderate values of N, accurate near-field calculations or
larger aspect ratios often require many more terms, and we
show that term for term, the cancellations are more severe
for small particles and may therefore compromise such
calculations. A mathematical demonstration of the origin of
such cancellations is provided, and its relation to the
possible numerical loss of precision is discussed.

This work has important consequences for the application
of the EBCM. Firstly, it highlights the fact that numerical/
convergence issues in the T-matrix approach are not solely
related to matrix inversion, but also to loss of precision in the
computations of the integrals before inversion. Secondly, it
suggests that more efficient implementations of the T-matrix
method, avoiding or even making use of these cancellations,
could be devised in the important case of spheroids. Thirdly,
it shows that the convergence and accuracy of numerical
implementations should not solely be tested on simple
shapes like offset spheres and spheroids because of the
shape-specific cancellations occurring.

2. Definitions and methods

2.1. Notations

We concern ourselves in this paper with particles having
a symmetry of revolution, more specifically cylinders,



Fig. 1. Schematic illustration of the shapes and notations used to

describe the scattering problem. Particles with the geometries consid-

ered in this paper include (a) prolate spheroid, (b) cylinder, (c) offset

sphere, with common aspect ratio h¼2. See Supplementary Information

for the parametric equations used to define these geometries.
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spheroids, and offset spheres (a spherical particle for which
the T-matrix is evaluated from a point shifted from the
geometrical center). Schematics of these shapes are pre-
sented in Fig. 1, together with the definition of various
parameters of interest for the scattering problem. The
refractive index of the embedding medium (n1) and of the
particle (n2) are combined into a relative refractive index
defined as the ratio s¼ n2=n1; we have used n1 ¼ 1 and
n2 ¼ 1:5þ0:02i throughout this study, for consistency, but
the results are general (we have for example also tested the
case of silver particles in the visible). The incident wave is
characterized by a wavevector k1 ¼ 2pn1=l, where l is the
wavelength in vacuum. The geometry is described in polar
coordinates as rðyÞ; explicit expressions for the shapes of
Fig. 1 are provided in Supplementary Information (S.I.). The
particle aspect ratio is defined as h¼ rmax=rmin, where rmax

and rmin are the maximum and minimum values of rðyÞ,
respectively (note that this definition may differ slightly
from other works in the case of a cylinder). Finally, the size
parameter is defined as the maximum value of xðyÞ ¼ k1rðyÞ
(again, this definition may differ from other works using, e.g.,
the radius of an equi-volume sphere).

2.2. The EBCM formulation

In order to further define our notations, we here
provide a brief summary of the EBCM method applied to
axisymmetric particles. We follow closely the formulation
and notations of Mishchenko [4], except for the final
expressions of the T-matrix integrals. Our group recently
presented a more concise formulation [27] resulting from
analytical simplifications of the integrals and alleviating
some additional cancellations from the original EBCM
equations. We therefore use these simplified expressions
(summarized below) in this study since they are
simpler to manipulate and more suited to the study of
cancellations.
We will focus in the following on the Q-matrix. For
axisymmetric particles (around the z-axis as in Fig. 1), the
problem is decoupled between different values of m

(angular momentum projection) and m can be viewed as
an implicit fixed parameter. The matrix elements are then
indexed by the total angular momentum only, denoted
n,kZ9m9 for row and column, respectively. We recently
showed that the entire Q-matrix can be expressed with
relatively simple expressions by computing the following
six types of integrals (see Ref. [27] for full details):

K1
nk ¼

Z p

0
dy mdndkxyxnc0k, ð2Þ

K2
nk ¼

Z p

0
dy mdndkxyx0nck, ð3Þ

L1
nk ¼

Z p

0
dy sin yxytndkxnck, ð4Þ

L2
nk ¼

Z p

0
dy sin yxydntkxnck, ð5Þ

L3
nk ¼

Z p

0
dy sin ydkc0k½xytnx0n�nðnþ1Þdnxn�, ð6Þ

L4
nk ¼

Z p

0
dy sin ydnx0n½sxytkc0k�kðkþ1Þdkck�: ð7Þ

In these and the rest of the paper, we have made the
following simplification of notations:

xn � xnðxðyÞÞ and x0n �
dxnðzÞ

dz

����
z ¼ xðyÞ

, ð8Þ

cn �cnðsxðyÞÞ and c0n �
dcnðzÞ

dz

����
z ¼ sxðyÞ

, ð9Þ

pn � pmnðyÞ and tn � tmnðyÞ, ð10Þ

dn � dn
0mðyÞ, ð11Þ

where the angular functions pmn, tmn, dn
0m are defined as

in Ref. [4], and the Ricatti–Bessel and Hankel functions
x,c are defined as in Ref. [28].

As is customary, the Q-matrix elements are grouped

into a 2 � 2 block matrix Q ¼
Q 11 Q 12

Q 21 Q 22

 !
, in relation to

the two types of VSWFs used in the series expansions of
the incident and scattered fields.

The Q-matrix elements are then given by [27]

Q12
nk ¼ AnAk

s2�1

s
K1

nk, ð12Þ

Q21
nk ¼ AnAk

1�s2

s
K2

nk, ð13Þ

Q11
nk ¼�iAnAk �sL1

nkþL3
nkþ

L2
nk�L4

nk

s

" #
, ð14Þ

Q22
nk ¼�iAnAk �L1

nkþ
L3

nk

s
þL2

nk�L4
nk

" #
, ð15Þ
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where An ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ1Þ=ð2nðnþ1ÞÞ

p
. For off-diagonal ele-

ments (nak), the four Li integrals are not linearly inde-
pendent and we may therefore also use the following
simplifications [27]:

Q11
nk ¼

iAnAkðs
2�1Þ=s

nðnþ1Þ�kðkþ1Þ
� ½nðnþ1ÞL2

nk�kðkþ1ÞL1
nk�, ð16Þ

Q22
nk ¼ iAnAkðs

2�1Þ=s L3
nkþ

snðnþ1ÞðL2
nk�L1

nkÞ

nðnþ1Þ�kðkþ1Þ

" #
: ð17Þ

It is also worth noting that for particles with mirror
symmetry with respect to the xOy plane, we also have

Ki
nk ¼ 0 if nþk even; ð18Þ

Li
nk ¼ 0 if nþk odd: ð19Þ

This is the case for example for the spheroid and cylinder,
but not for the offset sphere. For particles that present this
mirror symmetry, we may therefore study independently
two decoupled sets of matrices. The first set considers the
indices n,k both even for Q 11, both odd for Q 22, even/odd
and odd/even in Q 12 and Q 21, respectively. The comple-
mentary set contains the matrix elements with opposite
conditions (odd/odd, even/even, odd/even, even/odd,
respectively). In this paper we focus on the first set of
matrices (in particular on Q 22 with odd/odd indices) for
simplicity; our conclusions hold for either of them.
2.3. Numerical methods

Numerical computations were carried out both in
double precision and in arbitrary precision. Further details
on these two implementations are provided as Supple-
mentary Information. For a rigorous evaluation of the
numerical error in the T-matrix integrals, we proceeded as
follows. The arbitrary-precision (AP) code was first used
to compute the exact double-precision (DP) values of the
integrals, independent of any cancellations that may
occur. To this end, we first found the number of digits
and quadrature points required to obtain exact DP results.
This is achieved by checking that, to within double
precision, none of the matrix elements change when
either the precision (number of digits) or the number of
quadrature points is increased. In this study we required
that all of the (non-zero) values in both Q and RgQ had
converged to within double precision (first 16 digits in
agreement). As a rule of thumb, 100–300 quadrature
points were typically sufficient to reach convergence
(once this is determined, the same number of points is
used in the DP implementation for any comparison), but
up to 360 digits were necessary to obtain accurate DP
results in some cases, which in itself reveals the presence
of severe numerical cancellations. Once the AP results
have converged within DP, they can be used as a bench-
mark to test the double precision implementation against.

One may express the number of digits of agreement aðAÞ
between the quantity ADP computed in double precision and
its exact (within DP) value AAP (assumed non-zero) as
computed in arbitrary precision as

aðAÞ ¼�log10
ADP
�AAP

AAP

�����
�����: ð20Þ

In general, the maximum number of digits in agreement
possible is of the order of log10e where e is the floating-point
accuracy, which in double precision gives amax � 16. In
instances of severe numerical errors, ADP may even be
different in magnitude from its correct value AAP. In this
case ar0 and 9a9 is then a measure of the order of
magnitude of the error.

In the following we applied this methodology to the
systematic study of loss of precision in specific cases.

3. Demonstration of severe cancellations and associated
loss of precision

3.1. General considerations

In order to fix ideas, we here briefly describe what we
mean by severe loss of precision in numerical computing.
Loss of precision can in principle occur in a wide variety of
contexts. The case that is most relevant to us here is the
subtraction of two (or more) numbers of comparable magni-
tude but for which the difference is many orders of magni-
tude smaller. For example, using double-precision floating
point arithmetic, one can perform (in any double-precision
computing software) the following tests, chosen as illustra-
tions of increasingly problematic numerical cancellations:

a¼ 1010
þp

b¼ 1010

(
) a�b�

DP
3:141592025756836,

a¼ 1040
þp

b¼ 1040

(
) a�b¼

DP
0,

a¼ 1040
ð1=3Þþp

b¼ 1040
ð1�2=3Þ

(
) a�b�

DP
�6� 1023:

In the first example, the DP result is only accurate up to the
6th decimal. We can precisely quantify the error using Eq.
(20) since we know the exact result (p): aða�bÞ ¼ 6:7.
Increasing the exponent as in the second example, we then
get complete loss of precision and obtain a�b¼ 0 instead of
p and aða�bÞ ¼ 0, i.e. zero digits in agreement. The same
problem can in fact be further compounded by additional
rounding errors as in the third example where the DP
result is more than 20 orders of magnitude wrong
(aða�bÞ ��23:3Þ.

Such problems arise whenever 9a�b959aþb9=2, with
complete loss of precision occurring when 29a�b9=9aþb9
is of the order or smaller than the floating point accuracy
(� 10�16 in double precision). This is a well-known
problem in computing and there are in principle two
ways around it. (i) One may perform the computation
with increased precision, using for example arbitrary
precision arithmetic packages. This does not really cir-
cumvent the loss of precision, but simply increases the
precision such that, even after the loss, the remaining
accuracy is acceptable. This approach, which we used in
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this work for demonstration purposes, is unfortunately
resource-intensive and in particular extremely inefficient
in terms of computational speed. (ii) The other alternative
is to find a way to remove analytically the terms causing
the source of the cancellation (e.g. 1010 in the first
example) and therefore compute the terms (a and b)
and their difference (a�b) without the problematic terms
(which should cancel out exactly anyway). This approach
is obviously much better for problems where the origin of
the cancellation can be identified.

Such cancellation problems may also arise when
numerically evaluating integrals whose integrands are
much larger in magnitude than the integral, as in the
artificial example

I¼

Z 0:1

0:01
0:01

21

t22
�

20

t21

� �
dt¼ 9� 1018: ð21Þ

The integrand maximum value is � 1042 (at t¼0.01), more
than 1020 times larger than the integral. Severe cancellations
occur during the summation, and such an integral cannot
reliably be computed numerically using standard methods.
For example, the quad function in Matlab yields 1.1�1032

(i.e. an error characterized by aðIÞ � �13Þ. The problem
mainly arises from a characteristic property of this integral:
the integrand’s magnitude (i.e. the envelope of its absolute
value) varies widely across the range of integration (it is
� 1020 larger at t¼0.01 than it is at t¼0.1) and the integrand
has an oscillating character, taking both large positive and
negative values whose contributions cancel almost exactly.
This is a situation that occurs, as we shall see, in the T-matrix
integrals, though whether this results in cancellations and
therefore problems for the calculation of the integrals is
shape dependent.

3.2. Examples of cancellations in EBCM integrals for an

offset sphere

In Fig. 2 we illustrate the problematic numerical
integration of matrix elements for an offset sphere of
1

1

5

9

13

17

21

k

n

5 9 13 17 21 1
k

5 9 13

Fig. 2. Demonstration of cancellations and loss of precision in Q-matrix element

maps showing the magnitude (maximum modulus) of the odd–odd integrands

scale. Also shown are the magnitude of the corresponding integrals when

corresponding error between (b) and (c) is given as Fig. 3(d). (For interpretation

the web version of this article.)
relative refractive index s¼ 1:5þ0:02i, aspect ratio h¼2,
and size parameter xmax ¼ 0:5 (this is equivalent to a
sphere of size parameter 0.375, but it is here offset by a
third of its radius). The matrix elements of the Q22 matrix
(for m¼1) were calculated using Eq. (15) using either
double precision (DP) or arbitrary precision (AP), making
sure in the latter case that the result was exact at least to
16 digits (explicit values for the first column of the matrix
are also given as a table in Supplementary Information).
The color maps present the maximum modulus (magni-
tude) of the complex integrand (a) and of the DP integral
(b) and exact (AP) integral (c). The discrepancy between
the DP (b) and exact (c) integrals is further quantified by
computing the error from Eq. (20), which is graphically
represented as a color map in Fig. 3(d). This discrepancy is
particularly visible in the bottom-left corner of the matrix
(large n, small k), where a is negative (meaning that even
the order of magnitude is wrong). For example, Q22

19;1 is
found to be �9:32� 1016

�2:42� 1016i in DP, while its
correct value is 1:97� 10�9

þ2:56� 10�10i, equivalent
(from Eq. (20)) to an error a��26. This loss of precision
is understandable given the maximum magnitude of the
integrand, 1.93�1031, compared to that of the integral. In
fact, while both the integrand and the DP integral increase
in value with increasing n (Fig. 2(a,b)), the correct result
decreases (Fig. 2(c)). This behavior is suggestive of impor-
tant cancellations occurring in the integration of some of
the Li

nk integrals when n4k, the problem becoming worse
as n�k increases. Such large errors will inevitably result in
erroneous results upon inversion of the linear system (Eq.
(1)) to get the T-matrix, and this will be shown explicitly
later. We also note that, although T-matrix calculations
for offset spheres are an artificial example with no
apparent practical interest (since the results are more
reliably and easily obtained from Mie theory), they are
nevertheless often being used as a convenient test of the
validity of the EBCM approach or of its implementation.
This example suggests that this may not be a good
practice.
−40
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−20
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0
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20

30

17 21 1
k

5 9 13 17 21

s for an offset sphere, with s¼ 1:5þ0:02i, m¼1, N¼21 and h¼2. (a) Color

of Q 22 indexed by their values of n and k in a base-10 logarithmic color

computed in double precision (b), and in arbitrary precision (c). The

of the references to color in this figure legend, the reader is referred to
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Fig. 3. Top row: map of the base-10 logarithm of the magnitude of the odd-odd integrals in Q 22 (computed in arbitrary precision and exact to double

precision). From left to right, (a) for an offset sphere, (b) a prolate spheroid, (c) a cylinder. The integrand magnitude is similar in all three cases and

follows that of the offset sphere shown in Fig. 2. Bottom row: (d–f) corresponding error represented as a color map of a (Eq. (20)), i.e. the number of digits

of agreement for odd–odd elements of Q 22 between double precision and arbitrary precision results. Dots indicate that the order-of-magnitude is wrong

(ao0). All results are shown for s¼ 1:5þ0:02i, m¼1, xmax ¼ 0:5 and h¼2 (see Fig. 1 for definitions). (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)
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3.3. Shape and size dependence

As hinted at before, severe cancellations such as those
evidenced in Fig. 2 are expected to be shape-dependent.
The same study was therefore carried out for particles of
different geometries, in particular spheroids and cylin-
ders. The results are summarized in Fig. 3, where the
offset sphere results are repeated for direct comparison. It
is clear from these maps that spheroidal particles suffer
from similar cancellations, albeit to a lesser extent, as
those observed for the offset sphere. No significant error is
evidenced however for cylindrical particles. A number of
additional cases were also investigated using Chebyshev
particles; the results obtained (not shown here) were
similar in essence to those of the cylinder, indicating that
the cylindrical particles are in fact more representative of
the general case. The offset sphere and spheroids appear
to be the only obvious cases where such cancellations
occur. This observation is reminiscent of the suggestion in
Refs. [25,26] that only so-called quadric surfaces exhibit
this behavior for acoustic scattering. We also present in
Table 1 numerical results for the three same particle
shapes in the case where k¼1, where the worst errors
are observed. Two different size parameters are consid-
ered, xmax ¼ 0:5 and xmax ¼ 5. While the cylindrical shape
shows again a good accuracy for the two sizes considered
here, the spheroid, and more dramatically the offset
sphere, both present an extreme loss of precision for
moderate n, with a size parameter xmax ¼ 0:5. In the case
of larger particles, we observe better agreement than for
small particles in the Rayleigh regime, although the same
loss of precision eventually occurs as n is increased.
Finally, we also note that similar results are obtained
when considering other values of m and other parts of the
Q-matrix, for example the even–even elements of Q 22,
the elements of Q 12, Q 21, Q 11, or by directly examining
the Ki

nk and Li
nk matrix elements used in the computations.

In contrast, no significant loss of precision was evidenced
in the computation of the RgQ matrix.

3.4. Consequences for the calculation of the T-matrix

As noted earlier, large errors in the magnitude of some
of the matrix elements, even if they are isolated to a



Table 1

Number of correct digits in elements of Q22
nk , for k¼1, m¼1. Negative

values (in italics) indicate that the order of magnitude is incorrect. For all

cases, the aspect ratio is fixed to h¼2, the relative refractive index is

s¼ 1:5þ0:02i.

xmax n Offset sphere Spheroid Cylinder

0.5 1 14 14 14

5 12 13 15

9 �4 8 10

19 �26 �3 8

5 1 14 14 14

5 14 14 14

9 13 14 14

19 8 12 13

2
2
6
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18

k

n

1
k

k k

1
5
9
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n

−3.04

0

5

10

13.08

2
6
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n

1
5
9
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n

15.16

15.5

16

16.5

17

17.42

T1111 T1212

T2222T2121

T1111 T1212

T2222T2121

Error (α)

6 10 14 18 5 9 13 17 21

2 16 10 14 18 5 9 13 17 21

Fig. 4. Error in the T matrix of a spheroid with same parameters as in

Fig. 3 after inversion in DP of the linear system (1), where the elements

of RgQ ,Q were computed in either AP (a), or DP (b). In both cases the

inversion is computed in DP. The error is evaluated by performing all

calculations, including the inversion step, in AP. The very good agree-

ment in (a) compared to the large errors in (b) demonstrates that the

problem lies here in the accurate computation of the Q matrix, not in its

inversion.
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corner of the matrix, are very likely to result in further
numerical errors upon solving the linear system (Eq. (1))
to obtain the T-matrix. We demonstrate this important
consequence in Fig. 4 by examining the error in the
resulting T-matrix in the case of a spheroid. We observe
that the solution of the linear system in double-precision
is substantially improved when the Q-matrix was com-
puted reliably in arbitrary precision, and truncated to 16
digits. As an indicator, the condition number of the Q

matrix was 2.4�1039 when computed in double-preci-
sion, and 8.1�104 in arbitrary-precision. The matrix RgQ ,
not suffering cancellations, does not affect the inversion.
Those results were compared against the accurate com-
putation of Q and the inverse of the linear system in
arbitrary-precision. This example demonstrates the
importance of a robust integral evaluation, independently
from the more commonly considered inversion problem,
in the numerical accuracy of the T-matrix method. Indeed,
the DP inversion results in an almost perfectly accurate
T-matrix, provided that the exact Q-matrix (computed in
AP) is used. In contrast, large errors appear in some part of
the T-matrix for a full DP implementation. Such errors are
likely to affect further computations of scattering proper-
ties from the T-matrix, although this will depend on
whether the problematic matrix elements contribute or
not to the scattering property under consideration. This is
illustrated in Fig. 5 for the extinction coefficient QExt. For
an aspect ratio of h¼2 (same as the one used in Fig. 4), the
full DP calculation of QExt converges to almost the exact
results for N¼10, but subsequently deteriorates (see
Fig. 5(a)) as the errors in the T-matrix (Fig. 4(b)) start to
contribute. This will however not affect our ability to
compute QExt to a high precision because (Fig. 4(b)) only
depends on relatively small no10 in this case. Other
physical properties, like the electric field in the vicinity of
the particle, will however require much larger n to be
computed accurately, and this will be prevented in a full
DP implementation by the errors in the T-matrix resulting
from the integral evaluations. Moreover for either larger
particles, or particles with a larger aspect ratio, then
larger n are also needed, and the errors in the T-matrix
can become a problem even for far-field properties such
as QExt. This is illustrated in Fig. 5(b) with a higher aspect
ratio, h¼20. The computed QExt starts to diverge (because
of the T-matrix errors) as early as NZ7.

4. Origin and proof of the cancellations

A quick comparison between Fig. 2(a) and (c) provides
a first hint of the origin of these cancellations: while the
magnitude of the integrand for the offset sphere increases
with n, the integral exhibits the opposite behavior. In
order to reconcile this apparent contradiction, the follow-
ing argument is proposed. First, a series expansion of the
integrand is developed as a function of the angle-depen-
dent size parameter. Upon individual examination of the
dominant terms, we observe that a number of them can
integrate to zero in specific cases that depend on n,k and
the particle shape. To test this hypothesis, we have used a
numerical approach to determine the scaling proper-
ties of the integrals. This practical analysis, though not



Fig. 5. Error in the extinction coefficient for light incident along the

rotation axis of a spheroid as a function of N with h¼2 and h¼20 when

Q was computed in both arbitrary and double precision, as compared to

the converged value for the arbitrary precision. Here xmax ¼ 0:5 and

s¼ 1:5þ0:02i. The arbitrary-precision results converge to a value

(5.33�10�3 and 3.82�10�-5 for h¼2 and h¼20, respectively), while

the double-precision results approach that value and then diverge as the

cancellations start to play a part.

–
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–
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Fig. 6. Numerical determination of the scaling laws for the integral of

L1
nk for different shapes. The difference in scaling factors (gradients) for

the different shapes is evident below the diagonal (bottom row), while

on or above the diagonal (top row) they are identical. The lines are a fit

to the data in the small-size regime (xmax o1), and the exponents given

are accurate to the second decimal place. In all cases the integrand’s

scaling was the same as that of the cylinder.
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constituting a formal proof, provides a simple and effi-
cient way of testing for the presence and the extent of
similar cancellations for any shapes. As such, it is worth
presenting its principle and its main conclusions before
getting to the more rigorous proof.

4.1. Numerical investigations

The aim of the method is to determine the scaling law
for the integrals Ki

nk and Li
nk (Eqs. (2)–(7)) for a given

shape as a function of the size parameter, which we
assume takes the form of a power law: Ipxp

max, at least
in the small size regime. The rationale behind this
assumption is that all the integrands in Eqs. (2)–(7) follow
such a power law (from the small argument expansion of
the Bessel functions [28]), and one would therefore expect
the power law with the same exponent for the integral, if
cancellations do not occur. For example for the integrand
of L1

nk, we have

xyxnðxÞckðsxÞpxyxk�nþ1
pxk�nþ2

max : ð22Þ

This approximation is in fact good over a relatively large
range of parameters, typically up to x� n,k if 9s9 is not too
large. We should expect that the integral follow the same
scaling law, unless this dominant term integrates exactly
to zero.

The exponent of the power law for the integral can be
obtained by computing the exact integral value (using
arbitrary-precision) for different size parameters in the
small size regime. Let us consider as an example the case
of L1

n,k, which is illustrated in Fig. 6. According to Eq. (22),
the integral should scale, like the integrand, as xk�nþ2

max , in
the small size regime. The calculations of the integrals in
arbitrary precision suggest that they do follow this scaling
law for the cylinder, but for offset spheres and spheroids,
this is only the case when k4n. If n4k however, the
integral scales as xn�k
max for an offset sphere and as x0

max

(constant) for a spheroid. This clearly shows the presence
of cancellations in these two cases, where the dominant
terms must integrate to zero to modify the scaling law.
More explicitly, we may write for the offset sphere the
Laurent series of the radial part of the integral as

xyxnðxÞckðsxÞtndk

¼
Xp ¼ n�k�2

p ¼ k�nþ1

gpðsÞxyxptndkþ
X1

p ¼ n�k�1

gpðsÞxyxptndk: ð23Þ

The fact that the integral is observed to scale as xn�k
max

suggests that the first sum does not contribute at all and
must therefore integrate to zero. In fact, we will demon-
strate later an even stronger result: each individual term
in this sum integrates to zero. A similar—albeit not as
dramatic—situation arises for the spheroid where the
sum up to p¼�2 should integrate to zero. This explana-
tion also reveals why no cancellation is observed when
k4n, since the first sum only exists when n4kþ1.

Such a scaling study was systematically carried out for
all integrals (Eqs. (2)–(7)); the results are summarized in
Table 2, showing that the cancellations are present in
every integral for the offset sphere and the spheroid. For a
general shape (illustrated here by cylinders and Cheby-
shev particles), the scaling is the same for both integrand
and integrals, suggesting that such a cancellation
mechanism does not operate. We note that a similar
observation was made in Ref. [25] in the context of
acoustic scattering, where it was postulated that for
complete quadric surfaces (the analog of our spheroid
here), the contribution of negative powers of x is zero. Our
results generalize this observation to the more complex
case of electromagnetic scattering, where the actual



Table 2
The scaling exponent (p) of integrands and integrals with respect to the

size parameter xmax, for different particle geometries, and n4k. For all

particles except the Chebyshev, s¼ 1:5þ0:02i, h¼2. In the case of the

Chebyshev particle, the parameters were s¼ 1:5þ0:02i, E¼ 0:15, and

n¼3 and n¼4 were used. This notation follows that of Mugnai and

Wiscombe [29].

Integral Integrand Offset sphere Spheroid Cylinder Chebyshev

K1
pQ12 k�nþ1 n�kþ1 0 k�nþ1 k�nþ1

K2
pQ21 k�nþ1 n�kþ1 0 k�nþ1 k�nþ1

L1 k�nþ2 n�k 0 k�nþ2 k�nþ2

L2 k�nþ2 n�k 0 k�nþ2 k�nþ2

L3 k�n n�k 0 k�n k�n

L4 k�n n�k 0 k�n k�n

Q11 k�nþ2 n�k 0 k�nþ2 k�nþ2

Q22 k�n n�k 0 k�n k�n
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scaling varies slightly from one integral to another.
Furthermore, in the case of offset spheres, we find that
approximately the same number of terms of non-negative
powers also make no contribution.

4.2. Analytical study of the cancellations

Using the numerical scaling study as a guide, a rigor-
ous proof of these results was developed. Details are given
in Appendix for the spheroid and in Supplementary
Information for offset spheres. We here only sketch the
key principles and conclusions. We start from Laurent
series expansions of the radial part of the integrands, such
as the one given in Eq. (23). It is then possible to prove
that each individual term, denoted Ap, in the first sum
integrates to zero when xðyÞ describes an offset sphere.
The same can be proved for a spheroid, although fewer
terms integrate to zero (as predicted from the scaling
study presented earlier). The central argument in these
proofs is to express the term xyxðyÞp in a basis of Legendre
polynomials P0

l ðcosðyÞÞ (which essentially means that they
are polynomials of cos y). Moreover, the angular functions
dnðyÞ are proportional to associated Legendre functions
(with order m) or in the case of tnðyÞ can expressed as a
sum of associated Legendre functions. As a result, Ap can
be rewritten as a sum of products of three associated
Legendre functions, one of which has order zero (i.e. is a
Legendre polynomial). The key result to integrate these
products is the use of Gaunt’s formula [30], from which
we use the following special case:Z p

0
dy Pm

n ðcos yÞPm
k ðcos yÞP0

pðcos yÞsin y¼ 0

if

9n�k94p

or

nþkþp is odd:

8><
>: ð24Þ

It is possible to show that the terms where this condition
is satisfied are precisely the terms that were identified in
the scaling study as making no contribution to the
integral. A number of more subtle technical difficulties
can be encountered in the formal derivation of the results
of Table 2. In Appendix A we present in details the
complete proof in the case of a spheroid, while the
detailed proof for offset-spheres is given in Supplemen-
tary Information. These proofs could be used as a guide to
find other special shapes where such cancellations
may occur.

4.3. Influence of other parameters

The results of Fig. 3 suggest that the cancellations, and
the important resulting loss of precision identified in this
work are more prominent for small size parameters. This
is in fact naturally explained now that the origin of these
cancellations has been identified. Most of the terms in the
series expansion of the integrand that integrate to zero
(and therefore cause the problems) are proportional to xp,
with p negative. Their magnitude therefore increases
dramatically as the size parameter decreases, thereby
causing more numerical problems for given n,k values.
We should however note that since larger values of n,k
are typically needed for larger particles, this requirement
is also likely to result in cancellation problems for large
particle size, at least for matrix elements with large n and
small k.

A similar remark applies to particles with large aspect
ratio. We carried out numerical tests of the effect of these
cancellations on particles with larger aspect ratio and did
not find any evidence that the cancellations were more
significant for a given matrix element (given n and k).
However, as for large size parameter, large aspect ratio
require the computation of a larger matrix and the
cancellations will therefore become increasingly proble-
matic as N is increased, as already pointed out in Fig. 5.

Finally, the fact that the problematic terms are of the
form xp with p negative also explains why the right-upper
part of the Q matrix and the entire RgQ matrix do not
suffer from such cancellations: such terms are simply
absent from the Laurent expansion in those cases.

5. Conclusion and outlook

In conclusion, we first summarize the most important
consequences of our demonstration of these severe can-
cellations. Firstly, it highlights a number of new features
and counter-intuitive facts about the EBCM approach,
notably: (i) numerical instabilities are not only due to
problems in the inversion of the linear system of Eq. (1);
severe loss of precision when computing the integrals
(before inversion) are likely to contribute, possibly dom-
inantly, to the problems in the case of offset spheres and
spheroids; (ii) small-size particles, even with moderate
aspect ratio are not immune from numerical problems;
(iii) simple shapes such as offset spheres and spheroids
are special cases. Numerical problems arising for these
particular shapes may not be representative of those
arising for other more general shapes. This needs to be
borne in mind when testing convergence or accuracy of an
EBCM implementation using these simple shapes. This
remark leaves open the question of what should be the
benchmark of choice for T-matrix calculations, since no
other shapes admit a straightforward and rigorous solution
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(using other methods) that could be used as a standard for
comparison.

This work also opens up a number of potential new
avenues for improving the accuracy and efficiency of the
T-matrix/EBCM method, especially in the important case
of spheroids. Our scaling study shows that all the spher-
oid integrals exhibit the same scaling factor. This suggests
that the Q-matrix, if computed accurately, should be well-
balanced and therefore easily invertible in double preci-
sion (this is precisely what Fig. 4 demonstrates), even for
large matrices (for example for large aspect ratio). Arbi-
trary-precision computations could be used, as in this
work, but are typically time-consuming. It would there-
fore be of great interest to devise a method to compute
these integrals accurately and efficiently, e.g. taking into
account, and removing, the terms causing cancellations.
The identification of the origin of these cancellations, as
presented here, is the first step toward such a goal. In the
case of offset spheres it is not so critical to improve the
method, as Mie theory readily provides the necessary
results.
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Appendix A. Formal proof of cancellations for spheroids

Preliminary results: We will use the Laurent expansion of
the spherical Bessel functions. Although the actual coeffi-
cients of these expansions are not relevant to our proof, it is
important to identify the highest order term in the series
and highlight the fact that only every other term is present,
at least up to some order in the case of xn, namely

ckðsxÞ ¼ xkþ1
X1
q ¼ 0

akqðsÞx
2q, ðA:1Þ

xnðxÞ ¼ x�n
Xq ¼ n

q ¼ 0

bnpx2qþOðxnþ1Þ: ðA:2Þ

In these expressions, Greek letters are used to denote
coefficients whose actual value are not relevant to the proof.
We use the same convention in the rest of this appendix
(with the obvious exceptions of the angular functions tn and
pn, and the radial functions xn and ck).

As explained in the main text, one key ingredient of
the proof is the use of Gaunt’s formula (Eq. (24)). We will
more precisely show that some of the elements in the
Laurent series of the form xðyÞp can be expressed as
polynomials of cos y. We therefore define the notation
PNðcos yÞ to denote a polynomial in cos y of degree N or
less (the coefficients of which are not relevant to this
proof). Then we use the fact that the set of Legendre
polynomials P0

nðXÞ with 0rnrN forms a basis for the
vector space RN ½X� of real polynomials of degree N,
therefore

PNðcos yÞ ¼
XN

v ¼ 0

avNP0
vðcosðyÞÞ: ðA:3Þ

Gaunt’s formula (Eq. (24)) therefore implies in particular
thatZ p

0
dy dnðyÞdkðyÞPpðcos yÞsin y¼ 0

if pr9n�k9�1: ðA:4Þ

We will also need to use a similar expression, but
involving tn rather than dn. To find it, one can use the
following property of the angular functions

sin ytn ¼ kndnþ1þlndn�1: ðA:5Þ

Using Eq. (A.4) on each term on the right hand side, we
therefore find the equivalent for tnZ p

0
dy sin ytnðyÞdkðyÞPpðcos yÞsin y¼ 0

if pr9n�k9�2: ðA:6Þ

Note that we are looking here for a sufficient condition,
but it may not be a necessary condition.

Spheroid-specific results: In this appendix we are con-
cerned solely with a spheroid of revolution with semi-
axes c along z and a along x,y, whose geometry is defined
in Supplementary Information. We will in particular use
the following (easily derived) relations:

xy
x3
¼

a2�c2

k2
1a2c2

sin y cos y, ðA:7Þ

1

x2
¼ aþb cos2 y ðA:8Þ

sin y
x2
¼ g sin yþ

xy cos y
x3

, ðA:9Þ

where a, b, and g are constants.
From these, we also get for qZ0

xy
x2qþ3

¼ cos y sin yðaþbcos2 yÞq ¼ sin yP2qþ1ðcos yÞ,

ðA:10Þ

sin y
x2qþ2

¼ sin yðaþb cos2 yÞqþ1
¼ sin yP2qþ2ðcos yÞ: ðA:11Þ

K1 and K2 integrals: We consider first the case of K1
nk

K1
nk ¼

Z p

0
dy mdndkxyxnc0k: ðA:12Þ

We also assume that nþk is odd, as K1
nk ¼ 0 if nþk even.

Both spherical Bessel functions can be expanded as a
Laurent series as in Eqs. (A.1) and (A.2); in particular we
have (for nZkZ1)

xnc0k ¼
1

xn�k

Xq ¼ n�k

q ¼ 0

ankqðsÞx
2qþOðxn�kþ1Þ ðA:13Þ

and the integral can therefore be rewritten as a sum

K1
nk ¼

Xp ¼ n�k

p ¼ k�n
podd

nnkpðsÞKnkpþOðxn�kþ2
max Þ, ðA:14Þ
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where

K1
nkp ¼

Z p

0
dy xyxðyÞpdnðyÞdkðyÞ: ðA:15Þ

The scaling study (with an exponent zero for the
power law of the integral) suggests that cancellations
arise because a number of the leading K1

nkp terms are zero,
more precisely: K1

nkp ¼ 0 for k�nrpr�3, but K1
nkpa0 for

p¼�1 (because xyx�1 scales as x0
max). We note that if

k�n4�3, then no such cancellations occur, so only the
bottom-left part of the matrix is subject to this problem.
We therefore implicitly assume nZkþ3 in the following.

Let us consider K1
nkp for p odd and pr�3 and define for

convenience q¼�ðpþ3Þ=2, which must be a non-negative
integer. We then substitute Eq. (A.10) in Eq. (A.15) and
using Eq. (A.4) (Gaunt’s formula), we deduce that K1

nkp ¼ 0
if 2qþ1r9n�k9�1 or since 9n�k9 is odd if 9n�k9Z2qþ3,
equivalent to k�nrp. This is precisely what we set out to
prove. It is also worth noting that this proof does not work
for pZ�1 (since q is then negative), as expected from the
scaling study. Finally, the same arguments can be readily
applied to the cancellations occurring in K2

nk.
L1 and L2 integrals: We now consider the case of L1

nk

L1
nk ¼

Z p

0
dy sin ytndkxyxnck: ðA:16Þ

We also assume that nþk is even, as L1
nk ¼ 0 if nþk is odd.

As for K1
nk, we can write

L1
nk ¼

Xp ¼ n�k�1

p ¼ kþ 1�n
p odd

nnkpðsÞL
1
nkpþOðxn�kþ1

max Þ, ðA:17Þ

where

L1
nkp ¼

Z p

0
dy xyxðyÞp sin ytnðyÞdkðyÞ: ðA:18Þ

The scaling study (with an exponent zero for the
power law of the integral) suggests that cancellations
arise because L1

nkp ¼ 0 for kþ1�nrpr�3, but L1
nkpa0 for

p¼�1. We note that if kþ1�n4�3, then no such
cancellations occur, so only the bottom-left part of the
matrix is subject to this problem, as for K1

nk. We therefore
implicitly assume nZkþ4 in the following.

Using the same reasoning as for K1
nk, we consider

pr�3 and set q¼�ðpþ3Þ=2 (a non-negative integer),
then substitute Eq. (A.10) in Eq. (A.18). Using Eq. (A.6)
(our corollary to Gaunt’s formula using tn), we deduce
that L1

nkp ¼ 0 if 2qþ1r9n�k9�2, or since 9n�k9 is even if
9n�k9Z2qþ4, equivalent to k�nþ1rp, as desired. Again
the proof would fail for pZ�1 as expected. The same
proof can be applied to L2

nk.
L3 and L4 integrals: We now focus on the more

complicated case of L3
nk

L3
nk ¼

Z p

0
dy sin ydkc0k½xytnx0n�nðnþ1Þdnxn�: ðA:19Þ

We here assume that nþk is even, as L3
nk ¼ 0 if nþk is odd.

In this case, one is tempted to split the integral into a
sum of two, each being in many respects similar to the
cases we have treated so far. This approach works to some
extent, demonstrating cancellation of all predicted terms
in the expansion, except for the dominant (lowest order)
term. In fact, if one applies the scaling study to each of
these two integrals, it is clear that no cancellation occur
(which is because the highest order term does not
integrate to zero). However, severe loss of precision
occurs when summing these two integrals and the can-
cellations therefore do occur when evaluating L3

nk as one
integral. This observation suggests that we need to con-
sider the entire integrand to prove the cancellation of the
dominant term. For this, we proceed as before; the
spherical Bessel functions are expanded as Laurent series,
but we isolate the highest order term and explicitly
calculate its coefficients

L3
nk ¼

Xp ¼ nþk�1

p ¼ k�1�n
p odd

L3
nkpþOðxnþkþ1

max Þ, ðA:20Þ

where

L3
nkp ¼

Z p

0
dy sin ydk½ankqðsÞxyxptnþbnkqðsÞx

pþ1dn�, ðA:21Þ

and more explicitly for p¼ k�1�n, we use the fact that for
the highest order term x0np�nxn to get

L3
nkp9p ¼ k�1�n ¼

Z p

0
dy dk sin ygnkðsÞ � ½nxyxptnþnðnþ1Þxpþ1dn�:

ðA:22Þ

Note that due to the absence of xy in the second term of
these integrals, both terms scale as xpþ1

max .
The scaling study (with an exponent zero for the

power law of the integral) suggests that cancellations
arise because L3

nkp ¼ 0 for k�1�nrpr�3, but L3
nkpa0 for

p¼�1. We note that if k�1�n4�3, then no such
cancellations occur, so only the lower-left part of the
matrix is subject to this problem, as before. We therefore
implicitly assume nZkþ2 in the following.

The first part of L3
nkp has the same form as L1

nkp and we
have already shown that it is zero for k�nþ1rpr�3
(i.e. for all desired terms except the dominant one
(p¼ k�n�1)). For the second part, we need to show that
the integral

L32
nkp ¼

Z p

0
dy xpþ1dndk sin y ðA:23Þ

is zero. To this end, we define as before q¼�ðpþ3Þ=2
(qZ0), which implies �ðpþ1Þ ¼ 2qþ2. We now substi-
tute Eq. (A.11) in Eq. (A.23) and use Gaunt’s formula (Eq.
(A.4)) to deduce that L3

nkp ¼ 0 if 2qþ2r9n�k9�1, or since
9n�k9 is even if 9n�k9Z2qþ4, equivalent to k�nþ1rp,
which again corresponds to all desired terms except the
dominant one (p¼ k�n�1).

To conclude the proof, we now need to prove that the
dominant (lowest order) term (Eq. (A.22)) also integrates to
zero. For this, we use Eq. (A.9) to re-arrange it as follows:

L3
nkp9p ¼ k�1�n ¼

Z p

0
dy ngnkðsÞdkxpþ3

�
xy
x3
tn sin yþðnþ1Þ

xy
x3

cos ydnþgðnþ1Þsin ydn

h i
:

ðA:24Þ

We then recognize the relation between angular functions

ðnþ1Þcos ydnþsin ytn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ1Þ2�m2

q
dnþ1, ðA:25Þ
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and obtain

L3
nkp9p ¼ k�1�n ¼ ZnkðsÞ

Z p

0
dy nxyxpdkdnþ1

þfnkðsÞ

Z p

0
dy nxpþ3dkdn sin y: ðA:26Þ

The first part has the same form as K1
nþ1,k,p and is in

particular zero for p¼ k�n�1. The second part has the
same form as L32

n,k,pþ2 and is therefore zero for p¼ k�n�1.
This completes the proof that the dominant term does
integrate to zero, and therefore the proof of the cancella-
tions for L3. A similar proof can be applied to L4, although
the results are also a direct consequence of the fact that L4

can be expressed as a linear combination of L1, L2, L3 [27].

Appendix B. Supplementary data

Supplementary data associated with this article can
be found in the online version at doi:10.1016/j.jqsrt.2012.
01.007.
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S.1. Geometries

In the following we provide definitions for each of
the geometries considered. A schematic of each of
the shapes is provided in the paper.

S.1.1. Cylinder

The cylinder we consider is a right circular cylin-
der with radius a and height 2c. This is defined in
spherical coordinates in a piecewise manner, with

r(θ) =


c/cos θ for θ < θc

−c/cos θ for θ > π − θc
a/sin θ otherwise

(S1)

for θ ∈ [0, π] and θc = arctan (a/c). The derivative
of this is also required, and is

dr

dθ
=


c sin θ/ cos2 θ for θ < θc

−c sin θ/ cos2 θ for θ > π − θc
−a cos θ/ sin2 θ otherwise

(S2)

for θ ∈ [0, π] \ {θc, π − θc}. At the corners the first
derivative of r(θ) is discontinuous.

For the case of the cylinder, in evaluating the
quadrature, separate quadratures were used for
each of the piecewise elements. This was found to
improve convergence of the results, as it enforces
some of the physics of the situation (the corners)
into the quadrature, which otherwise would not al-
low for this. Splitting the quadrature also serves to
ensure that the exact position of the corners cannot
be one of the points of integration.

The maximum radius rmax is

rmax =
√
a2 + c2 (S3)

and the aspect ratio h is

h =

√
a2 + c2

min (a, c)
(S4)

S.1.2. Spheroid

The spheroid we use is a sphere deformed along
the axis of rotation, so that it has semi-axes a nor-
mal to the axis of rotation, and c along it. In the
case of a prolate spheroid, a < c, while for an oblate
spheroid a > c. The geometry is defined in spheri-
cal coordinates as

r(θ) =
ac√

c2 sin2 θ + a2 cos2 θ
(S5)

and its first derivative is

dr

dθ
= r(θ)3

a2 − c2

a2c2
sin θ cos θ. (S6)

The maximum radius rmax is

rmax = max (a, c) (S7)

and the aspect ratio h is

h =
max (a, c)

min (a, c)
. (S8)

S.1.3. Offset sphere

The offset sphere is simply a sphere of radius a,
but it is shifted so that the expansion of the vector
spherical harmonics is no longer about the geomet-
ric center of the object. We shift it a distance D
along the axis of rotation of our system. The radial
distance is given by

r(θ) = −D cos θ +
√
a2 −D2 sin2 θ (S9)

and the derivative of this is

dr

dθ
= D sin θ − D2 sin θ cos θ√

a2 −D2 sin2 θ
. (S10)

The maximum radius rmax is

rmax = a+D (S11)
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and the aspect ratio h is

h =
a+D

a−D
. (S12)

S.2. Numerical methods

All double-precision results were obtained us-
ing Matlab [1]. The Matlab platform provides a
comprehensive array of built-in functions for real
and complex numbers in double precision. The
radial (Bessel and Hankel) functions were gener-
ated with Matlab’s functions besselj and besselh

(with half-integer order), and their derivatives were
computed using recurrence relations from Ref. [2].
The angular functions πnm, τnm, dn0m were gener-
ated using a stable recursion algorithm [3]. The
angular integration was performed via a custom im-
plementation of the Gauss-Legendre quadrature.

The computation of arbitrary-precision results
was implemented in C using the libraries GMP [4],
MPFR [5] and MPC [6]. For arbitrary-precision matrix
manipulation, such as solving for T in Eq. 1 of the
main text, the C++ library MPACK [7] was also used.
Real quantities were implemented using the MPFR

data type mpfr t, and complex values using the MPC
data type mpc t. Arbitrary-precision libraries typ-
ically provide fewer built-in functions. The regular
spherical Bessel functions (jn) were generated in ar-
bitrary precision by a downward-recursion scheme
for numerical stability [8]. The irregular spherical
Bessel functions (yn) were generated by an upward-
recursion method, which also makes use of jn [8].
The Ricatti-Bessel and Hankel functions are easily
obtained as combinations of jn and yn. The deriva-
tives of the radial functions, the angular functions,
and the geometries r(θ) were computed using the
same relations as for the double precision case. The
Gauss-Legendre quadrature was also implemented
in arbitrary precision, using the same method as
the quadrature used in the double precision. The
arbitrary precision code was interfaced to Matlab as
a mex file for convenience, this allows for all of the
input and output to be passed transparently from
C/C++ to Matlab and conversely.

S.3. Proof of cancellations for the offset
sphere

The proof of the cancellations occurring in the
case of the spheroid was given as an appendix of
the main text. Here we provide the corresponding

proof for the case of the offset sphere. This proof
is based on similar arguments and tools as those
used for the spheroid but is more tedious because
the geometry does not have the reflection symme-
try with respect to the xOy plane. The integrals
that were zero because of parity properties for the
spheroid are no longer null here, which increases the
number of cases to be considered and to some ex-
tent the complexity. We provide this proof here for
completeness, but nevertheless point out that there
may be a simpler and more elegant proof based on
the translation properties of spherical harmonics.

S.3.1. Some useful formulae

In order to profit from the parity properties
(meaning here under the transformation θ → π−θ)
of the angular functions, we write the offset sphere
geometry as

x(θ) = k1r(θ) = f(θ) + g(θ) (S13)

where

f(θ) = −k1D cos θ ≡ f (S14)

g(θ) = k1
√
a2 −D2 sin2 θ ≡ g (S15)

After differentiation we also have:

xθ = fθ + gθ (S16)

fθ = k1D sin θ (S17)

gθ = −k1D2 sin θ cos θ/g. (S18)

The f and g functions have opposite parity proper-
ties:

f(π − θ) = −f(θ), fθ(π − θ) = f(θ), (S19)

g(π − θ) = g(θ), gθ(π − θ) = −gθ(θ). (S20)

We also note the relations:

fθf = gθg, (S21)

g2 − f2 = 1/(a2 −D2) ≡ b, (S22)

1

f + g
=
g − f
b

, (S23)

xθ
x

=
fθ
g

=
gθ
f
. (S24)

We note that this last relation implies that xθ/x
has even parity.

Finally, we also recall some useful parity proper-
ties for the angular functions:

dn(π − θ)dk(π − θ) = (−1)n+kdn(θ)dk(θ), (S25)
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sin(π − θ)τn(π − θ)dk(π − θ)
= (−1)n+k+1 sin θτn(θ)dk(θ), (S26)

and the following relation, already used in the proof
of the spheroid (Eq. A.25 of the main text):

(n+ 1) cos θdn + sin θτn =
√

(n+ 1)2 −m2dn+1.
(S27)

S.3.2. Preliminary results

As for the spheroid, we will need to evaluate in-
tegrals involving products of radial functions with
angular functions. Because the latter are either
of even or odd parity (under the transformation
θ → π − θ), it is advantageous to decompose the
radial part as a sum of two functions of opposite
parity. For a general function h(θ), we therefore
define E [h](θ) and U [h](θ) such that:

h(θ) = E [h](θ) + U [h](θ), (S28)

where

E [h](π − θ) = E [h](θ), U [h](π − θ) = −U [h](θ).
(S29)

We note the useful properties for a product of two
functions h and j:

E [hj] = E [h]E [j] + U [h]U [j], (S30)

U [hj] = E [h]U [j] + U [h]E [j]. (S31)

We then define for p integer:

ep = E [xθx
p], up = U [xθx

p], (S32)

ẽp = E [xp], ũp = U [xp]. (S33)

Using the parity properties of f and g and Eqs.
S30-S31, we have:

E [xθx
p+2] = E [xθx

p](f2 + g2) + 2fgU [xθx
p],
(S34)

U [xθx
p+1] = fE [xθx

p] + gU [xθx
p]. (S35)

Combining these two, we deduce that:

ep+2 = bep + 2fup+1, (S36)

where b = g2 − f2 = 1/(a2 − D2) is a constant
(Eq. S22). With a similar argument, we can also
show that:

up+1 = bup−1 + 2fep. (S37)

The same recurrence relations as Eqs. S36-S37 can
also be proved for ẽp and ũp.

With these recurrence relations, we can in princi-
ple compute all ep and up from the first few terms
for both p positive and p negative. In particular,
we have (using Eqs. S32 and S21):

e0 = fθ ∝ sin θ and u1 = 2fθf ∝ sin θ cos θ.
(S38)

Using an upward recurrence, we can therefore show
that for q ≥ 0:

e2q = sin θP2q(cos θ), (S39)

u2q+1 = sin θP2q+1(cos θ), (S40)

where the notation PN (cos θ) denotes a polynomial
in cos θ of degree N or less (the coefficients of which
are not relevant to this proof). On the negative
side, we first realize using Eq. S37 for p = 0 that
u−1 = 0 (this can also be directly deduced from
Eq. S24) and using Eq. S36 for p = −2 that e−2 =
fθ/b. By recurrence, we therefore deduce that for
q ≥ 1:

e−2q = sin(θ)P2q−2(cos θ), (S41)

u−(2q+1) = sin(θ)P2q−1(cos θ). (S42)

Similarly, we can compute all ẽp and ũp from the
first few terms for both p positive and p negative.
We start from :

ẽ0 = 1, ũ1 = f ∝ cos θ, ũ−1 = −f ∝ cos θ.
(S43)

Using both an upward and downward recurrence,
we can therefore show that for all q integer:

ẽ2q = P|2q|(cos θ), (S44)

ũ2q+1 = P|2q+1|(cos θ). (S45)

These relations will be used in conjunction with
Gaunt’s formula [9], given as Eq. 20 in the main
paper, to show that the required T -matrix integrals
are zero. In particular, we note that, as explained
in the spheroid proof, we can decompose any poly-
nomial PN (cos θ) as a sum of Legendre Polynomials
of degree N or less:

PN (cos θ) =

N∑
v=0

αvNP
0
v (cos(θ), (S46)

where we use Greek letters for coefficients whose
actual values are not relevant, as in the main text.
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Gaunt’s formula therefore implies in particular that
(Eq. A.4 of the main paper):∫ π

0

dθ dn(θ)dk(θ)Pp(cos θ) sin θ = 0

if p ≤ |n− k| − 1. (S47)

We also have an equivalent form when we have a
τn, (Eq. A.6 of the main paper):∫ π

0

dθ τnm(θ)dk(θ)Pp(cos θ) sin θ = 0

if p ≤ |n− k| − 2. (S48)

Finally, we will also need two additional relations.
We first notice that Eq. S24 implies that:

fup = gθũp+1 and fep = gθ ẽp+1. (S49)

Moreover, we have using again Eqs S30-S31:

ep+1 = fθ ẽp+1 + gθũp+1, (S50)

up+1 = gθ ẽp+1 + fθũp+1. (S51)

Combining all these and substituting the expres-
sions for f and fθ, we get:

sin θẽp+1 = cos θup + ep+1/(k1D) (S52)

sin θũp+1 = cos θep + up+1/(k1D). (S53)

S.3.3. K1 and K2 integrals

Let us first consider the integral K1
nk (the argu-

ment is identical for K2
nk):

K1
nk =

∫ π

0

dθmdndkxθξnψ
′
k. (S54)

The cancellations can be studied using Laurent
expansions of the integrand, in particular we have
(for n ≥ k ≥ 1):

ξnψ
′
k =

1

xn−k

q=n−k∑
q=0

αnkq(s)x
2q +O(xn−k+1).

(S55)

We have observed in the scaling study that the
integral scales as xn−k+1

max , which means (because of
the xθ term) that the xn−k term in the expansion

integrates to non-zero, but all the lower order term
down to the dominant one (xk−n), integrate to zero
(note that all these terms have exponents with the
same parity as n+ k, as alternate terms are absent
from the Laurent expansion up to xn+k). We note
that, as in the case of spheroid, we can prove that
each of these terms individually integrate to zero
(whereas the scaling study only suggests that their
sum integrates to zero). We therefore aim to show
that the integrals

K1
nkp =

∫ π

0

dθmdndkxθx
p (S56)

are zero for n+k+p even and k−n ≤ p ≤ n−k−2.
If n + k is even (and therefore p also even), we

have using the parity properties of the angular func-
tions (Eq. S25):

K1
nkp =

∫ π

0

dθmdndkep (n+ k even). (S57)

For p ≥ 0 even, Eqs. S39 and S47 imply that
K1
nkp = 0 for p ≤ n − k − 1. Similarly, for p < 0

even, Eqs. S41 and S47 imply that K1
nkp = 0 for

−p−2 ≤ n−k−1. These intervals cover the entire
range k − n ≤ p ≤ n− k − 2 required.

Similarly, if n + k is odd (and therefore p also
odd), we have using the parity properties of the
angular functions (Eq. S25):

K1
nkp =

∫ π

0

dθmdndkup (n+ k odd). (S58)

For p ≥ 1 odd, Eqs. S40 and S47 imply thatK1
nkp =

0 for p ≤ n− k− 1. For p = −1, u−1 = 0 and K1
nkp

is trivially zero. For p ≤ −3 odd, Eqs. S42 and S47
imply that K1

nkp = 0 for −p−2 ≤ n−k−1. Again,
these intervals cover the entire range k − n ≤ p ≤
n− k − 2 required.

This completes the proof for the K1
nk integrals

(which also applies to K2
nk).

S.3.4. L1 and L2 integrals

We now consider the integral L1
nk (the argument

is identical for L2
nk):

L1
nk =

∫ π

0

dθ sin θτndkxθξnψk. (S59)

The arguments here are very similar to the ones
for K1

nk, and we therefore follow the same line of
reasoning.
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The cancellations can be studied using Laurent
expansions of the integrand, in particular we have
(for n ≥ k ≥ 1):

ξnψk =
1

xn−k−1

q=n−k−1∑
q=0

βnkq(s)x
2q +O(xn−k+1).

(S60)

We have observed in the scaling study that the
integral scales as xn−kmax , which means (because of
the xθ term) that the xn−k−1 term in the expan-
sion integrates to non-zero, but all the lower order
term down to the dominant one (xk+1−n), integrate
to zero (note that all these terms have exponents
with the same parity as n + k + 1, as alternate
terms are absent from the Laurent expansion up
to xn+k+1). We note that we can again prove that
each of these terms individually integrate to zero
(whereas the scaling study only suggests that their
sum integrates to zero). We therefore aim to show
that the integrals

L1
nkp =

∫ π

0

dθ sin θτndkxθx
p (S61)

are zero for n+k+p odd and k+1−n ≤ p ≤ n−k−3.
If n+ k is odd (and therefore p is even), we have

using the parity properties of the angular functions
(Eq. S26):

L1
nkp =

∫ π

0

dθ sin θτndkep (n+ k odd). (S62)

For p ≥ 0 even, Eqs. S39 and S48 imply that
L1
nkp = 0 for p ≤ n − k − 2. For p < 0 even, Eqs.

S41 and S48 imply that L1
nkp = 0 for −p − 2 ≤

n − k − 2. These intervals cover the entire range
k + 1− n ≤ p ≤ n− k − 3 required.

Similarly, if n+k is even (and therefore p is odd),
we have using the parity properties of the angular
functions (Eq. S26):

L1
nkp =

∫ π

0

dθ sin θτndkup (n+ k even). (S63)

For p ≥ 1 odd, Eqs. S40 and S48 imply that
L1
nkp = 0 for p ≤ n − k − 2. For p = −1,

u−1 = 0 and L1
nkp is trivially zero. For p ≤ −3

odd, Eqs. S42 and S48 imply that L1
nkp = 0 for

−p − 2 ≤ n − k − 2. Again, these intervals cover
the entire range k+ 1−n ≤ p ≤ n− k− 3 required,
which completes the proof.

S.3.5. L3 and L4 integrals

We now focus on the more complicated case of
L3
nk:

L3
nk =

∫ π

0

dθ sin θdkψ
′
k [xθτnξ

′
n − n(n+ 1)dnξn] .

(S64)

The Laurent series (up to the order required for
the proof) of the integrand takes the form (for n ≥
k ≥ 1):

sin θdk
xn+1−k

q=n−k∑
q=0

[
αnkq(s)xθx

2qτn + βnkq(s)x
2q+1dn

]
.

(S65)

Note that the two terms in the bracket have the
same scaling property because the xθ term is absent
in the second one. We have observed in the scal-
ing study that the integral scales as xn−kmax , which
means that the q = n− k term in the expansion in-
tegrates to non-zero, but all the lower order terms
down to the dominant one (q = 0) integrate to
zero (note again that alternate terms are absent
from the Laurent expansion up to q = n). We will
prove that each of these terms in the sum individ-
ually integrate to zero (whereas the scaling study
only suggests that their sum integrates to zero).
We therefore aim to show that the integrals (where
p ≡ 2q − n− 1 + k)

L3
nkp =

∫ π

0

dθ sin θdk

×
[
αnkq(s)xθx

pτn + βnkq(s)x
p+1dn

]
(S66)

are zero for n+k+p odd and k−n−1 ≤ p ≤ n−k−3.
The first part of L3

nkp has the same form as

L1
nkp and we have already shown that it is zero for

k − n+ 1 ≤ p ≤ n− k − 3 (i.e. for all desired terms
except the dominant one p = k − n + 1). For the
second part, we need to show that the integrals

L32
nkp =

∫ π

0

dθ xp+1dndk sin θ (S67)

are zero. If n + k is odd (and therefore p is even),
we have using the parity properties of the angular
functions (Eq. S25):

L32
nkp =

∫ π

0

dθ sin θdndkũp+1 (n+ k odd). (S68)
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Eqs. S45 and S47 then imply that L3
nkp = 0 for

|p+ 1| ≤ n− k − 1, i.e. again for all desired terms
except the dominant one (p = k−n+ 1). Similarly,
if n+ k is even (and therefore p is odd), we have

L32
nkp =

∫ π

0

dθ sin θdndkẽp+1 (n+ k even). (S69)

Eqs. S44 and S47 then imply that L3
nkp = 0 for

|p+ 1| ≤ n− k− 1, i.e. for all desired terms except
the dominant one (p = k − n+ 1).

To conclude the proof, we now need to prove that
the dominant term (p = k − n + 1) also integrates
to zero. For this, we proceed as in the spheroid
proof and use the fact that for the dominant term
ξ′n ∝ −nξn to get

L3
nkp|p=k−1−n =

∫ π

0

dθ dk sin θγnk(s)

×
[
nxθx

pτn + n(n+ 1)xp+1dn
]
.

(S70)

If n+ k is odd (and therefore p is even), we have
using the parity properties of the angular functions
(Eqs. S25 and S25):

L3
nkp|p=k−1−n =

∫ π

0

dθ dknγnk(s)

× [sin θepτn + (n+ 1) sin θũp+1dn] (n+ k odd).
(S71)

We then substitute Eq. S53 and use Eq. S27 to ob-
tain

sin θepτn + (n+ 1) sin θũp+1dn =√
(n+ 1)2 −m2dn+1ep + (n+ 1)up+1dn/(k1D),

(S72)

which leads to:

L3
nkp|p=k−1−n = ηnk(s)

∫ π

0

dθ epdkdn+1

+ φnk

∫ π

0

dθ up+1dkdn (n+ k odd). (S73)

The first part has the same form as K1
n+1,k,p for

p even (Eq. S57) and is in particular zero for p =
k − n − 1. The second part has the same form as
K1
n,k,p+1 for p + 1 odd (Eq. S58) and is therefore

also zero for p = k−n− 1. A similar argument can
be made, but using Eq. S52 instead of S53 in the
case where n+ k is even (and therefore p odd).

This completes the proof that the dominant term
integrates to zero, and therefore the proof of the
cancellations for L3. A similar proof can be ap-
plied to L4, although the results are also a direct
consequence of the fact that L4 can be expressed as
a linear combination of L1, L2, L3 [10].

S.4. Representative tabulated values of the
exact integrals

For reference, we provide in Table S.1 the actual
numerical values of the integrals computed in both
arbitrary (exact to 16 digits) and double precisions
for the first column of the Q22

nk matrix for an offset
sphere for the parameters used in Figs 2-3 of the
main text.
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Supplementary Table S.1: Values of the integrals Q22
nk for k = 1, m = 1 for an offset sphere, with h = 2, xmax = 0.5 and

s = 1.5 + 0.02i. The arbitrary precision values have converged to double precision.

n Arbitrary precision Double precision

1 (1.351522998772148 +0.002682327826796i) (1.351522998772154 +0.002682327826791i)
2 (0.09475820788633184+0.00656391928400884i) (0.09475820788633782 +0.00656391928400889i)
3 (3.267511781081814 +0.354044762711458i)× 10−3 (3.267511780908656 +0.354044762723604i)× 10−3

4 (8.234338861126748 +1.361708455386841i)× 10−5 (8.234338230741085 +1.361708446137377i)× 10−5

5 (15.30077682100172 +3.20759658015824i)× 10−7 (15.30004712362165 +3.2074636639992i)× 10−7

6 (23.34600724021963 +6.186419274080092i)× 10−9 (25.42872582340277 +5.90596678628629i)× 10−9

7 (29.40892160067281 +9.22544630049269i)× 10−11 (24.3107199444863 −1.13271331394081i)× 10−8

8 (3.204531139340317 +1.186184482330857i)× 10−12 (177.439991438448 −2.0214735003898i)× 10−7

9 (3.038290261597983 +1.287101819776947i)× 10−14 (67.0727643316326 +1.57033685336724i)× 10−5

10 (2.5674093425467 +1.240871523988642i)× 10−16 −0.03959069252015016 +0.00071876916602068i
11 (1.94474203713492 +1.055179886196251i)× 10−18 −10.11371972337842 −0.13925596567256i
12 (13.38699265450917 +8.13464528498008i)× 10−21 −1132.655389072814 +0.299642890755i
13 (8.417729528036757 +5.677389217679542i)× 10−23 (−86.48807724977711 +1.50271433683522i)× 103

14 (4.876046808254036 +3.644961564953527i)× 10−25 (−29.88742021522111 +6.65835422187729i)× 105

15 (2.613375843631903 +2.154801883308382i)× 10−27 (34.54711402938201 +8.19472138834448i)× 107

16 (1.303141351977849 +1.184738044986223i)× 10−29 (45.78317881557951 +9.731545021815603i)× 109

17 (6.067251546625191 +6.069699524562945i)× 10−32 (−3.816711620949946 +1.082670199384622i)× 1012

18 (2.647391356803932 +2.916878553003213i)× 10−34 (−154.3422495126499 +7.8521375375244i)× 1013

19 (1.085651390657799 +1.317672507647534i)× 10−36 (−166.490936601337536 −1.779710476225576i)× 1015

20 (4.194570626830792 +5.621507702515121i)× 10−39 (21.346348083272847360−1.199678065337379840i)× 1018

21 (1.530005420781641 +2.269669591435182i)× 10−41 (100.285925474474 −3.244785438691i)× 1020
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