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Schwinger’s variational theory of scattering is adapted to the calculation of reflection amplitudes. For an arbitrary
transition between two media at a planar interface, we derive variational expressions for the s and p reflection
amplitudes that are correct at grazing incidence and correct to second order in the ratio of interface thickness to
wavelength. The interface or the substrate (or both) may be absorbing. The Hulthén-Kohn variational theory of
scattering is also'adapted to reflection. The results are simpler (for the same trial wave function) but not so good as

those obtained from the Schwinger method.

1. INTRODUCTICON

In a previous paper (Ref. 1, referred to here as I) we have
derived variational expressions for the reflection amplitudes
for a nonuniform film between like media, for example, a
soap film in air. Here we shall extend these results to reflec-
tion of electromagnetic waves at an interface between any
two media of dielectric constants ¢; and ¢;. Many of the
results of paper I can be carried over to the present work, and
in such cases the results will be quoted as [I (equation num-
ber)]. In other cases the ¢; # e problem requires special
techniques (for example, the Green functions have six ana-
lytic parts, instead of just two); then the techniques will be
developed in more detail. Where possible the notation used
here will be that of L.

2. s-WAVE REFLECTION AMPLITUDE

We consider the problem of plane electromagnetic waves
incident from a medium of dielectric constant e; onto an
interface lying in the xy plane and characterized by a dielec-
tric function e(z). The medium beyond the interface (the
substrate) has dielectric constant e, When the propagation
is in the zx plane, the s wave has electric field E = (0, E,, 0),
where [I (4)]

Ey(z, x) = exp(Kx) E(2) (1)

and E(z) satisfies the ordinary differential equation [I (5)]

2 2
a4k +q’E=0, ¢%2)=¢2) w_2 - K2
¢

dz? @

The separation of variables constant K is the component of
the wave vector along the interface. Thus

K=\/e—1%sin01=\/§%sin02, (3

where ; and 6, are the angles of incidence and refraction.
The component of the wave number perpendicular to the
interface is g(2), and it takes the limiting values

w w
\fe —cosly=q«q2) > qy= - .

17 1=q1 < q(@) gy \/E; ¢ COS Uy (4)

The reflection amplitude r; and transmission amplitude ¢,
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are defined in terms of the asymptotic forms of the solution

of Eq. (2):

exp(iqz) + rs exp(—igz) < E(z) — t; exp(iqz).

()

It is possible to construct a perturbation theory? for r; in

terms of

exp(iq,2) + ryexp(—ig.2
E0(2)={ p(ig,2) + ry exp(—iq;2)

tso eXp(iqzz)

(2<0)

@>0) (6)

Here ry and t are the Fresnel reflection amplitudes®* for
the discontinuous (or step) dielectric-function profile

€(2) = {:;

4 tag

Ey(z) is the solution of
d’E,
dz?

+qoEy =0,

(z<0)
>0’ ™
2q,
to= . 8
s0O q1+ q2 ( )
2 o’
qp(2) = l2) i K? 9

with the correct asymptotic forms for a wave incident from
medium one. One constructs a Green function satisfying

2
&G 4 02 =5z~ D). (10)
0z
This is given by*
§
E.(D[E_(2) — roE (2)] .
2. — =2
iqy //
E.(DE_(2) E.(2) E’/
L(ql + qz) /+ 4 [ —(g-) - r50E+(§‘)]
- 2iqq
Gyz, ) = — - 2,
E_G)EL(§) + roB_ (O] E.(2E_()
25‘11// gy + qo)

7~

- EZ(Q[E,(2) + ropE_(2)]

7 A
2iq;
where E.(2) = exp(£igoz).
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The equation for E can be written as

2
% +q’E = —A¢’E, (12)
dz
where Ag? = ¢2 — q¢® = w?/c2(¢ — ¢). From Eqgs. (9), (10),
and (12) we see that E satisfies the integral equation

E(z) = Ey(2) - ] SAPOEDGE 9. (19)

The asymptotic form of E as z — — is found from Eqgs. (11)
and (13) to be

exp(iq,2) + exp(—iq, 2)

X [fso - -1—[ di'qu(f)E(f)Eo(f):I - (14)
2iqq J-w
Comparison with Eq. (5) shows that the expression inside
the square brackets is the exact value of r, (this exact result
can also be obtained from a comparison identity?). The
first-order perturbation result is obtained from the exact
result on replacing E by Ej [given by Eq. (6)]:

rspert =rg— i Jm dg—qu(g‘)EOZ(g‘) (15)

1 J—

The adaptation of Schwinger’s variational method for the
scattering problem®® to the reflection problem runs as fol-
lows. We multiply the integral Eq. (13) by A¢%(z)E(z) and
integrate over all z. The resulting equation can be put in the
form [cf. I (15)] F = S, where

F= ] dzAQ*()E(2) Eqf2) (16)
is of first degree in the unknown E and

S= j " dzA?2)ER(2)

+ f " dzA()E(2) f T GAROEWOGE H A7)

is of second degree in E. We note that [cf. I (17)]
ry =ry — F/2iq;. (18)

The variational principle for r; follows from the result
(established in I) that 6S = 26F or 6(F2/S) = 0. Thus
rvar = . F/S .

- 1
s s0 2iq1 (19)

The simplest variational trial function for E(z) is Eg(2).
This gives the values F and Sy for F and S, where

F,= ro dqu2(z)E02(2) = —2ig(r"* = ry) (20)

and

©

dSAGH(DENG(, §).
(21)

S, = Fy+ [ dzA%(2)Ey(2) f
The corresponding variational estimate for r; is [using Eq.
(20)]

aryer = 20 5y pet (22)
8 S s ’
. (]
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where we have introduced the notation Ar = r — r¢ (in
parallel with Ag? = g% — g¢?).

This simplest variational result already has built into it
two important properties:

(1) To second order in the interface thickness, Eq. (22)
gives

2iq,w?/c? jw2/c2
Aryer = DI (A + 2igoh, + 2 a2+
(q1 + QQ) q; +qy

(23)
where?

A, = [ dz(e — ep)2" L - (24)
This is the correct expression to this order to the interface-
thickness-wavelength expansion [see Ref. 7, Egs. (2) and
(15)].

(2) At grazing incidence, when q; — 0, Aryv® — O when ¢;
# €, and Ary'™ — —1 when ¢ = ;. Thus r, correctly
tends to —1 at grazing incidence, as it must for all interfacial
profiles.® In contrast, the perturbation expression is in gen-
eral correct only to first order in the interface thickness and
diverges at grazing incidence when ¢; = €5,

3. p-WAVE REFLECTION AMPLITUDE

For propagation in the zx plane and the interface lying in the
xy plane, the p wave has B = (0, B,, 0), with

B,(z, x) = exp(iKx)B(z), (25)
where K has the same meaning as for the s wave. B satisfies
[cf. I (30)]

d /1 dB o K?
—_ 4 ——-— =
dz(e dz) (cz - )B 0, (26)

with asymptotic forms8

. . €
exp(iq;z) — r, exp(—iq.2z) < B(z) — \/} t, exp(igyz).
1
@27

The required Green function satisfies

d (149G w K%\, _

€ 0z

and is given by? [with B.(z) = exp(%ig¢z)]

§
B,()IB_(2) + ryoB.(2)] t=2
2iQ, s
//
///
B+(§)B_.(Z) B+(2) [B_(g‘) + rp0B+(§‘)]
i@ +Qy) 7 2iQ
Ve 2
Golz, §) = P - z
B_(2)[B4($) = rpoB_(D)]
20, BB
B_(§)[B1(2) = rpoB_(2)] 1@ + Q)
7 2iQ, (29)
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(@1 = q1/e1 and Qs = qofey; ryp is defined below.) B now
satisfies an integrodifferential equation [Eq. (A.10) of Ref. 9]

dB 4G
B(z) = By(2) +J d¢Av(9) {WB({)G(Z 0+ Ti?a_f}

(30)

where Av = 1/e — 1/¢g and

exp(ig,2) — ryo exp(—ig;z) (2<0)
= - (31
By(2) \/ZE b0 exp(igy?) @>0) (31)
1
Here?®
@ — @, €2 2Q,

- = s —= = . 32
e Q@+ & € o Q + & 32

An exact expression for rp is obtained from Eq. (30) by
extracting the coefficient of exp(—iq;z) as z — —». This is
[cf. 1(35)]

1
Ty =Tpy— %0, j_m dAv (K2B30

and may be rewritten as

dB dB,
¢ Fy—\) (33)

1
&y == g L d¢ (AUK®BB, — AcCCy),  (34)

where Ae = ¢ — ¢y, C = dB/edz, Cy = dBy/epdz. The first-
order perturbation expression is obtained from Eq. (34) by
replacing B by By and C by Cy. (This is equivalent to lowest
order in Av to replacing dB/d¢ by dBy/d¢ but is preferable
since C is continuous at a discontinuity in ¢, whereas dB/d{ is
not). Thus

Ar et = — —1@— f A ADK?B,? — ACy).  (35)

1/

The variational expression for rp is obtained by operating
on Eq. (30) with

f dz [AUK?B -4 (Av @)] (36)
. dz

The resulting equation can again be put in the form F = S,
where

. dB
F= J dzAv (K2B30 + éﬁd—") = —2iQ,Ar, (37)

is of first degree in the unknown B and

[ dsorcn[B- [ i 10)
S L dzAvKB[B L d¢Av (KZBG+ e

2 dB(dB [~ 4G dB 3G
+ L dgav E[E L dgAv (K2B < aza;)]
(38)
is of second degree in B. We again find that 6S = 26F, so
6(F?/S) = 0 and
_Fs
2LQl

The simplest trial function for B(z) is Bo(z). This gives
the values Fy and Sy for F and S, where

Ar,v = (39)
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—c

Fy= f dz(AvK®By? — AeCyP) = —2iQ Ar P, (40)

In the evaluation of S we must take care to include the
—eo(2)6(z — §) singularity in 92G/dz9¢. We find that

S= f (AVK2B? — AeC?) — K* f dzAvB f d¢AvBG

+ 9K? f dzAvB j d¥ACG ed?)

—x

- j " dzAeC [ dfAeC — 1 ( "20) (41)
— - 50(2)50(.(') 820¢
where
(?ig— &G ——+ ¢ (2)8(z — O (42)
0207 )r  9z0F  °

is the regular part of 62G/629{. The value of Sy is now found
by replacing B by By and C by Cy in Eq. (41), and the
resulting variational estimate for the reflection amplitude
has the form

F,
—SArpert, (43)
0

var —
Arp

To second order in the interface thickness, Eq. (43) gives
(after considerable reduction) the terms rp; + rp2 as given in
Ref. 7, Egs. (5) and (29). Thus the variational expression,
Eq. (43), is correct to second order in the interface thickness.
At grazing incidence, Ar,¥¥ tends to zero when ¢ # e, thus
giving the correct rp, value.8

4. ADAPTATION OF THE HULTHEN-KOHN
VARIATIONAL METHOD TO REFLECTION
PROBLEMS

We have seen that the adaptation of Schwinger’s variational
technique in scattering theory to reflection has led tos and p
reflection amplitudes that are correct to second order in the
interface thickness and are correct at grazing incidence.
These desirable features have been obtained at the cost of
some complexity, and we shall now show how the simpler
Hulthén-Kohn variational method%! of scattering theory
may be adapted to reflection problems.

We begin with the s wave, for which the exact amplitude E
satisfies Eq. (2), and consider the functional

B[E,] = j )

d’E, )
dzE, FE + ¢°E, (44)
of the trial function E;, which we take to have the asymptotic
forms

exp(iq2,) + r, exp(—ig,2) < E, — t, exp(igyz). (45)

We now write E; = E + 6E; because of Eq. (5) the asymptotic

forms of 6F are
or exp(—iq,z) < 0E — 6t exp(iqy2), (46)

where 6r = r, — r and 6t = t; — t (we drop the subscript s for
the moment). We find that




John Lekner

8® = B[E + 6E] — [E]
= [EdSE/dz — 6EdE/dz]®,, » (47)
plus terms of second order in 6E. {This result follows on two
integrations by parts and use of the fact that, from Eq. (2),
®[E] = 0.} From Egs. (5) and (46) we then obtain the result

that 6® = 2iq6r, which can be written in the form of a
variational principle:

(P — 2iqyr) = 0. (48)

In the application of this principle, we use a trial E; (and the
corresponding ry, ¢;) to evaluate ®[E,]; then from Eq. (48) we
obtain
®[E,] — 2ig,r, = ®[E] — 2iq,r + higher-order terms in 6E.
(49)

The variational estimate for the reflection amplitude is thus

e = 1, — &[E,]/2iq,. (50)

As an example, consider the simplest trial function E, = E,,
the solution of Eq. (9). On writing ¢2 = g¢% + Ag? and using
Eq. (9) we see that

B[E,] = f dzAE 2, (51)

which we recognize as the Fy of Eq. (20). Thus the trial
function Ej leads to the first-order perturbation-theory re-
sult [Eq. (15)] ’

r 2 =r — Fo/2ig,. (52)

There are corresponding results for the p wave: We de-
fine the functional
t} (53)

[ ap [ 4 (18BY (K
@8] = [ dth{dz (edz)+(c2 L

of the trial function B;. The variational principle now has
the form

5(® + 2iQ,r,) = 0. (54)
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For the zeroth-order trial function By [defined in Eq. (31)],

rpY = 1o + 8/2iQ

=Tpo— L F dzAv{K*B* + (dBy/dz)%.  (55)
2LQ1 -

This is not the same as the perturbation result [Eq. (35)]:
there is agreement only to lowest order in Av = 1/e — 1/¢p. In
consequence, Eq. (55) does not give the correct result to first
order in the interface thickness [Ref. 7, Eq. (5)] and does not
agree with ryV% at normal incidence.

The adaptation of the Hulthén-Kohn variational method
to reflection problems is thus seen to give results that are
inferior, for the simplest trial functions, to those obtained
from adapting the Schwinger method. This is compensated
for by t}he greater simplicity of the Hulthén-Kohn method,
which makes possible the use of more-sophisticated trial
functions.

5. COMPARISON OF THE PERTURBATION
AND VARIATIONAL RESULTS

We begin with a comparison according to general criteria
(for arbitrary interfacial profiles) and then look at the re-
sults for a particular model profile. The general criteria are
that r; and r, should be equal at normal incidence (the s and
p waves are then physically indistinguishable); that ry — —1
and r, — 1 at grazing incidence; that r; and r, should be
correct to second order in the interfacial thickness’; and that
rs and r, be free of divergence for reflection between like
media.! The status of the theories with respect to these
general criteria is summarized in Table 1, for the case in
which the input or trial functions for all three theories are E;
and Bo.

We shall now see how the theories perform in the special
case of a uniform layer of dielectric constant ¢, located be-
tween z; and z3 = 21 + Az. Only the s-wave reflectivity will
be examined, as a function of interface thickness Az and as a
function of angle of incidence for fixed Az. We need Fy and
S, and these depend on the positioning of the step profile
€(2z). Weassume for the moment only that this lies between
2y and z;. For this configuration we find the s-wave results

Table 1. Comparison According to General Properties of the Reflection Amplitudes®

rs Correct rp Correct rs Free of rp Free of
rp=Ts rs—>—1 rp—>1 to Second Order to Second Order  Divergence  Divergence
at Normal  at Grazing  at Grazing in Interface in Interface When When
Method Incidence Incidence Incidence Thickness Thickness € = € €1 = €
Adaptation of
Hulthén-Kohn no yes(u) yes(u) yes(c) no no no
variational method
First-order
perturbation yes yes(u) yes(u) yes(c) no no no
theory
Adaptation )
of Schwinger yes yes yes yes yes yes yes
variational method

@ The symbol (u) denotes a property valid only for unlike media (¢; > e5); the symbol (c) denotes the property being conditional on the positioning of the step pro-

file so as to make A; = 0.
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Fig. 1. Reflectivity at normal incidence, as a function of the thick-
ness Az of a uniform film. The exact, perturbation, and variational
results are denoted by curves e, p, and v, respectively.

Fig.2. Ratio of the s reflectivity estimates to the exact reflectivity,
as a function of the angle of incidence. The film thickness is about
one third of a wavelength ((w/c)Az = 2, Az = Ao/w). As thereflectiv-
ity increases monotonically with angle of incidence by a factor of
nearly 30, the perturbation (p) and variational (v) results show
maximum deviations of about =70 and +7%.

w2 92
FO = ?{(5 - 52)(1 + ro) 22]+(¢2)

= (e = ez, [j (b)) + 2rg + ro%i_(a )1} (56)

where
o; = q;2;, J.(®) = exp(Lig)sin ¢/¢; (57
and )
Wt
SO=F0+2—4(I11+112+122), (58)
¢
where

—e\2
In= (62(161) 2 {(1 = ro = r)[L + roj_(¢)] — ()

1
+ rdi_(2¢,) + 2rq[ry exp(—2i¢;) — i¢y]},
(e = &) (e — ex)(1 + 1p)

IlZ = (q T q ) zlzzij+(¢2) [1 + r()i—(¢1)]:
1 2
— )1+ r))2
122 = {EG__E%);_—}‘O—)} 22U+(¢z)
2
+ exp(2igy) [rof 4 (g) — 1] — 1o+ (205)). (59)

When ¢ = e, these results reduce to those obtained in

Section 5 of Ref 1.
We now specify the positioning of the step profile: the
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first-order perturbation result [Eq. (52)] gives, to second
order in the interface thickness,

. 2/ [ 291 \?
Arspert —_ —FO/thl - _ w L
2iq; \q; + g2

X [\ + 2igghg + .. . (60)

On comparison with the exact (to this order) rs given in Eq.
(23), we see that the perturbation result is correct to second
order in the interface thickness if the relative positioning of
¢(z) and ¢y(z) is chosen so as to make A\; = 0. This is the
equal area rule of Ref. 4:

0 ®
[ dz(e — ) = f dz(e, — o), 61)

—_— 0
which can always be satisfied if ¢ is real and ¢; 7 ¢;. For the

profile under consideration, this condition implies that

€y — € €— €
2 Az,  zy=—Az (62)
€ — €

z1=—
[l |

The question of optimum positioning of the reference
profile is discussed further in the next section. Here we
simply compare the results obtained using the condition
(61). The first-order perturbation theory and the adapta-
tion of the Hulthén-Kohn variational theory results are
equivalent for the s wave and are denoted by p in Figs. 1 and
2. The results from the adaptation of the Schwinger varia-
tional theory are denoted by v. The exact results (given in
Refs. 2-4) are denoted by e. The figures illustrate the de-
pendence of R; =|r|? on interface thickness, and of R,/Rexact
on angle of incidence, for the values €; = 1, ¢ = (4/3)2, e5 = (3/
2)2, representing reflection from a layer of water on glass.

6. DISCUSSION

We see from Table 1 that the adaptation of Schwinger’s
variational theory to reflection problems has provided esti-
mates for the s and p reflection amplitudes that satisfy all
the currently known and verifiable general criteria. From
the figures we see that the variational result is a considerable
improvement on the perturbation result for the same input
wave function.

We mentioned above the problem of the optimum posi-
tioning of the reference profile. For the variational meth-
ods, this positioning is an implicit variational parameter.
We have not yet succeeded in solving the optimization prob-
lem in a general way, except in the long-wave limit, where
the equal area rule gives the optimum positioning for the
perturbation theory, whereas the adaptation of Schwinger’s
method is correct to second order in the interface thickness
for all positionings. Our numerical experiences is that the
perturbation results are sensitive to the positioning of ¢
(and can be much worse than displayed in Figs. 1 and 2),
whereas the variational results are insensitive to this posi-
tioning.

The theory given here clearly works best for interfaces
that are thinner than a wavelength. Work is in progress on a
perturbation-variation theory that can cope with thick in-
terfaces as well.
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