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Abstract. A 2 x 2 matrix method is developed and used to calculate the reflection and
transmission amplitudes for normal-incidence reflection and transmission by uniaxial erystals
and crystal slabs. The reflection is characterized by two reflection amplitudes (+ and r') which
give the amplitudes of the reflected field components along and perpendicular to the incident
polarization direction. The reflection results take the form r=r cos’p + r.sin g, ¥' =
(r, — #.) cos @ sin @, where g is the angle between the incident polarization and the ordinary
electric field vector in the crystal, and r, and r, are the reflection amplitudes of isotropic
crystals or crystal plates, with appropriate refractive indices, Similar results are obtained for
the transmission amplitudes,

1. Introduction

In a recent paper (Lekner 1991) we have given formulae for the reflection and trans-
mission amplitudes of a uniaxial c¢rystal, at an arbitrary angle of incidence. Here we
consider the special but important case of normal incidence, and extend the analysis to
include the reflection and transmission by a crystal plate. We will show thata 2 x 2
matrix method can be used at normal incidence to give analytical resuits for all the
required quantities, in contrast to the more general 4 X 4 matrix formalisms (Teitler and
Henvis 1970, Berreman 1971, Yeh 1979, 1988).

We begin by rederiving the results of section 5.4 of Lekner (1991), in order to define
the notation and to introduce the 2 X 2 matrix method.

2, Normal-incidence reflection from a crystal face

The coordinate system to be used is as follows: the z axis is normal to the reflecting
crystal surface, which lies in an xy plane, for simplicity taken to be the z = O plane. The
optic axis, ¢ = («, §, y), has direction cosines &, § and y with respect to the x, y and z
axes. Let g, = n? and ¢, = n2 be the ordinary and extraordinary dielectric constants of
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the crystal, with n, and . the corresponding refractive indices. Weset Ae = g, — g,and
define

ny =g, =g, +y* Ae. (1)

For normal incidence the ordinary and extraordinary wavevectors both lie along the
inward normal to the reflecting surface, and have magnitudes

k, =n, wfc ke = (none/n,)w/ec. (2)
The electric fields which can propagate as plane waves in the crystal are orthogonal:
E° = No(-B,a,0)  E° =N, B, —y(1-7%) Ae/e,). 3)

The factors N, and N, which normalize the vectors E° and E° to unit magnitude, are
given by

Nat=1-y'  Ni2=NgL+ 720 - ) (Ae/e, )] @

So far we have not defined the orientation of the x and y axes. For oblique incidence
these are defined to lie respectively long and perpendicular to the plane of incidence,
but at normal incidence the plane of incidence is not uniquely defined, and neither are
the s and p polarizations. Let n = (0, 0, 1) be the inward unit normal; since the ordinary
and extraordinary wavevectors lie along #, the plane of » and ¢ is the principal plane,
anditsnormalr X ¢ = (—f, &, O) lies in the reflecting plane z = 0 (and is parallel to E®).
This is one physical direction in the xy plane. Another is the direction of E, in the
(linearly polarized) incident wave, and we take the electric vector E| to define the x axis.
If @ is the angle between the incident polarization and the E® or n X ¢ direction,

E°=(cos.sing,0) E°=(singcosd, —cospcosd,sind) (5

whete & is the angle between the ray and wavevector directions for the extraordinary
wave, given by

sind = B -n= —y(1 = )7 Aefle} + (e2 — €Dy

6
tan & = —y(1 — y)V? Ag/e,. ©)

We can now write down the incident, reflected and transmitted waves for the case of
light normally incident onto an arbitrary crystal face. With the x axis along the direction
of the incident plane-polarized electric field, these are

incident: (e%1%,0,0)
reflected: (re-i pe~ikiz () (7)

transmitted: 7 Eoeo? 4 ¢, Eteiber

where &, = n /¢, n, being the refractive index of the medium of incidence. Note that
two reflection amplitudes (r and r') and two transmission amplitudes (¢, and ¢,} are
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sufficient to characterize the problem, in contrast to the four reflection and four trans-
mission amplitudes required at general incidence. The continuity of E,, E,, 4E,/8z and
9E,/dz at the crystal surface z = 0 gives the four equations

1+r=¢,E%+t E: ki(l—r) =kt ES + kot ES
r=1E} +1.E} =kt =kotoEy + kot ES.
We define the column vectors

=0 =) () )

and the matrices
ES ES ko/ky 0
m=( ) k=), (10)
EY E} 0 k. /k,
We will call M the mode matrix, since its elements are the transverse components of the

modes (or eigenstates) E° and E°. The four equations (8) car now be written as a pair of
coupled vector equations in » and #:

(8)

u+r=Mt u~r=MK{'t (11)
These are readily solved, to give _

r=Ru t=M"1(I+R)u (12)
where I is the identity or unit 2 X 2 matrix, and

A=MK M"! R=(A+D1A-1. (13)
From (5), (10} and the well-known inverse of a 2 x 2 matrix,

(m“ m12) l = (mymy — ”""12"’-‘121)_t ( 2 mlz) (14)

My MW —Mn i1y
we have that
M < (cos<p sm:pcos&) M- = (coscp sin ) as)
sin@ —cos@cosd sin p/cos & —cos @/cos &

Let D = diag(d,, 4.) be any diagonal 2 x 2 matrix. Then

MDM - = (do cos’e + d, sin? ¢ (d, — d.)cos gsin ¢ ) a6

(d, — d.) cos ¢ sin @ d,sin? @ +d, cos? ¢

is a symmetric matrix, and does not contain cos 8. The matrix A has this form, and so
does R because R = M (K; + ™YK, — DM~

(ro cos® @ + r, sin? ¢ (ro — r.) cos @ sin (p)
(o — r.) COS @ sin @ rosin? @ + rycos? @

where 7, and 7, are the same as the Fresnel reflection amplitudes for isotropic media with
refractive indices n, and ngn./n,:

(17)

ro = (ky — ko}/(ky + k) re = (ky = k)/(ky + k). (18}
Thus, from (12),
r=r,cos’ @ +e,sin’ @ r'={r, —r.)cos @sin @, (19)

When the crystal is transparent, r, and r, are real, and thus when the incident light is



1390 J Lekner

linearly polarized the reflected light is also linearly polarized, with the polarization
rotated by an angle atn(r'/r) relative to the incident polarization. Note that ', which
gives the amplitude of the electric field refiected into the y polarization when the incident
field E, is x-polarized, is zero when E, is either paraliel or perpendicular to E® (or i X ¢).
The magnitude of r’ is largest as a function of the azimuthal angle at odd multiples of
45°, and largest as a function of the direction cosine y at ¥ =0, that is when the
optic axis lies in the reflecting plane. The absolute maximum of || is nyjn, — 1.}/
(ny + ng)(ny + n.). (For calcite in air this takes the value 0.026, about one-tenth of |#,|.)
At the other extreme, when ¥? = 1 and the reflection is from the basal plane, ' = 0 and
r = r,, independent of the azimuthal angle.

The formulae (19) are in agreement with the reflection amplitudes givenin equations
(71) and (73) of Lekner (1991), when we set sing@ = a/{a?+ 32, cosq@ =
—B/(a® + B?)'/2. Note the degeneracy in the latter formulae, associated with the lack of
uniqueness of s and p polarizations at normal incidence.

The amplitudes of the transmitted waves are obtained from (12), (13) and (17). We
find

to =(1+r,)cos @ = [2k, /(k, + k,)] cos @

2

te = (1+¢.)sin @/cos & = [2k, /(k, + k.)] sin @/cos &. 20)
If the incident wave is polarized with E, along the E° {or » X ¢) direction, only the
ordinary wave will propagate into the crystal, as expected. Only the extraordinary wave
will be excited when @ = £90°. The transmission amplitude £, contains the divisor cos 8,
which in practice is close to unity. From (6) we find that, for transparent media, |tan §|
is greatest when y? = £,/(&, + &), the largest value being | Ag| /2 n,. The corresponding
smallest value of cos 8 is 2n,n,/(n + n) =1 - (n, — n )?/(n? + n?).

3. Reflection and transmission by a uniaxial plate

We now consider the optical properties of a crystal plate of thickness Az, bounded by
the medium of incidence (of refractive index n,) and a substrate of refractive index n..
When light is incident from medium 1 onto the z = 0 face of the crystal, and is linearly
polarized in the x direction, the electric fields are as follows:

incident: (e*12,0,0)
reflected: (re 7 r ek Q)
inside crystal: (g, ei*o* + b, e #*)E® + (g, e*e? + b, e~k )E"

(1)

transmitted:  (ygikalz-az} pr gikalz~A7) (),

(The wavevector magnitude in the second medium is k, = nyw/c.) Note that we have
modified the usual definition of the transmission amplitudes ¢ and ¢’ to remove the
common phase factor exp(—ik; Az). The continuity of E,, E,, 3E,/az, 3E,/6z (or
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equivalently of E,, E,, B,, —B,) at z = 0 and z = Az gives eight equations in the eight
unknowns, r, ¥', a,, by, 4., b,, £, t’. At z = 0 we obtain

1+ r=s5,E2 + 5. ES k(1 —7) = kod E2 + kod ES

(22)
r'=s,E} + s E} —kr' =k, d . E} + k.d.Ej

where s, = a, + b, and d, = a, — b,, and similarly for the coefficients of the extra-
ordinary wave. At z = Az we find

t=sLES +sLES kot = kodES + k. d! ES @)
£ =sLES + s ES kyt' = kodyES + k d{ES

where s, = al, + b, = a, e%* + b_e b2 d! =q! —~ b/, with analogous definitions
fors! and 4.

We now reduce this 8 X 8 problem to four coupled 2 % 2 equations, which enables a
solution to be found in terms of 2 X 2 matrices. We define the column vectors

r t 1 5y d,
() =) ) -G e (@) @
Then the four equations (22) can be written as

u+r=Ms u—r=MK{'d (25)

where the mode matrix M and the matrix K;’ are defined in (10). For the second set of
equations (23) we note that

st =a,e*d? + b ek =5 cos(k, Az) + id, sin(k, Az)

. : (26)
d! = a, e¥b? — b e %b: = d cos(k, Az) + is,, sin{k, Az)
and similarly for s; and 4. Thus we can write
s’ =Cs + i8d d = Cd + iSs 7
where C and 8 are the diagonal matrices
cos(k, Az) 0 sin{k, Az) 0O
¢ = [tk 42) g = [inlke A2) : (28)
0 cos(k, Az) 0 sin(k, Az)
The equations (23) can now be stated as
t = Ms' = M(Cs + iSd) t=MK;'d' = MK;!(Cd + iSs) 29)

where K3 is defined as in (10), with &, replacing k,. The equations (25) and (29) can
now be solved as follows: rewrite (25) as s = M~!(# + ) and d = K;M~!(u — r) and
substitute into (29), equating the two expressions for ¢. The resulting linear equation r
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in terms of i is then solved, using the fact that K, K, € and § are all diagonal, and thus
commute with each other. We thus find

ire O

=m( )M"u=ﬁu (30)
0 re

where R has the form given in (17), with r, now given by

kolky = ky) cos(koAz) + (K ~ K ky) sin(k,Az)
To = ok, + kp) cos(koAz) — WK + K ko) sinlko Az)

(31

This is the reflection amplitude for a homogeneous isotropic layer of refractive index n,
and thickness Az (Lekner (1987), equation (2.52)). The amplitude r,, obtained by
replacing &, by k. in (31), is likewise the reflection amplitude for an isotropic slab of
refractive index nyn./n,. An alternative form of (31) is

ry = (r? +r3 eziﬁ:onz)/(l + £ ezikoAz) (32)

where

ry = (ky — ko)/(ky + ko) 13 = (ko = ka)/(ko + k2) (33)
are the Fresnel amplitudes for reflection at the entry and exit faces of an isotropic slab
of refractive index n,,. The same form holds for r,, with &, replacing &,.

Returning to (30), we thus have the direct and orthogonal reflection amplitudes

r=r,cos’ @ +r.sin® @ r'=(r,—rJcos@sing. (34)

Note that the direct reflection amplitude r can be zero if r, and r, differ in phase by an
odd muitiple of & and their magnitudes satisfy ;| cos® ¢ = r.| sin? g.

The transmission amplitudes are found from (29), on substituting for s and 4 in terms
of r. The result is

i, O i, COs? @ + ¢, sin? t, — t.) cos @ sin 1
:=m(° )M_,u=(o 2 ¢ ( _ )cos @ tp)() (35)
0 ¢ (to =t )cos@sing 1,sin? @ + 1, cos? ¢/ \0

where ¢, and ¢, are the transmission amplitedes of isotropic slabs with indices », and
Rohe/n,, €ach with thickness Az (Lekner (1987), equations (2.53) and (2.59)):

2%k, (1+r9)(1 + ) ethole 36
fo = ot Ty con(R, AR 1 (R T kg snth, A7)~ TR ek (36)
(The formulae for ¢, have k, replacing k,.) Thus
t=t,c08 p +¢,sin? @ ' = (t, —t.) cos @ sin ¢. (37

We discuss some consequences of the formulae (34) and (37) for reflection and trans-
mission by a2 homogeneous uniaxial layer in the next two sections. Here we note that 4,
and ¢, are the exact elements of a transmission matrix which relates the outgoing electric
field components along the E° and E® directions to those incident on the crystal layer.
For layer thickness Az the approximate matrix used in the Jones calculus ( Jones (1941);
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see also the reprints of all eight of Jones’ papers in Swindell (1975), or the discussion in
Yariv and Yeh (1984), ch 5}, and the exact matrix, are respectively

(exp(i.l'c0 Az) 0 ) (to 0)
0 exp(ik, Az)) 0t/

From (36) we see that the leading term in the difference between the exact elements,
which allow for (multiple) reflections at the boundaries of the anisotropic slab, and the
approximate elements is ry + r; (superscripts o and e to be added for the o and e waves).
When n; = n,this is zero for both polarizations, so the difference becomes second-order
in the Fresnel reflection amplitudes and can usually be neglected.

4. Discussion of reflection properties of a uniaxial layer

The refiection amplitudes r and #* are now complex, even for transparent crystals. The
azimuthal dependence is as for reflection from a bulk crystal: r takes the values r, and r,
when the incident polarization is along the E° and E* directions, and »' is zero in either
case. The magnitude of r' is largest as a function of the azimuthal angle @ at odd multiples
of 45°, and then [r'| = |r, — r.|/2. The variation of r,, , and r, — r, with the thickness Az
of the anisotropic layer may be found as follows: both r, and r, are of the form

(r1 + 12 2) /(1 + i1, Z) Z = exp(2ik Az) (38)

where & takes the values &, or k. inr, 7, and Z. As the thickness increases, Z moves on
the unit circle in the complex plane (we assume the medium is non-absorbing). The
periodsin Az of r, and r, are w/k, and /k,. The bilinear (or fractional) transformation,
which gives the complex numbers 7, and r, in terms of Z, transforms circles into circles
in the complex plane, and so the loci of r, and 7, are also circles. Since r) is real, these
circles are symmetric with respect to reflection in the real axis, and their centres lie on
the real axis. We shall first assume the substrate is non-absorbing, so #, is real also. The
radii and centres may then be found from the intersections with real axisat Z = = 1. At
Z =1, r,and r, take the zero-thickness value

rt =+ 1)/ (1 +rir) = (ky — k) (kg + k). (39)

This is the reflection amplitude of a sudden transition between media 1 and 2. At
Z = —1 the reflection amplitudes are

r=(ry = r)/(1 = 1) = (kika — K3/ (kika + K2). (40)
The centre ¢ and radius a are therefore given by

c=(r* +r7)/2=ko(ki — K*)/(ky + ka)(kiky + &)

a=(r* ~r7)/2=k (k& — k3)/(k, + k)(kiky + K?).

The two circles representing 7, and r, touch at the point ¥* on the real axis. The points
r~ lieto the left of r* if k > ks, thatisif n, > n, for , and none/n,, > n, for r,. When both
ry and r] are more negative than r* the maximum value of |, — 7| as Az varies is the
diameter of the larger of the two circles for r, and r, (see figure 1), i.e.

7o = Felmax = 2k (k2 — K3}/ (k1 + ka)(k ks + k) (42)
where k, is the greater of &, and k.. The same result holds when r7 and #; both lie to

(41)
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the right of *. When one of r; and r; is to the left and the other to the right of #*, the
maximum value of |r, — r.| as Az varies is the sum of the diameters of the two circles,
i.e.

| | 2k, (kg~k§ . kg—k%)
r —r — .
O TelmM kg \kyky + K2 Rk, + K2

For the maximum of |r, — r.| given in (42) to be attained, the crystal plate has to be
thicker than

(43)

(‘T/z)lllko - kcl = (‘1/4)/|nu - ”unc/n71 (44)

where A is the vacuum wavelength. The corresponding minimum thickness requirement .
for (43) is twice the above value.

For thin crystal films (Az < 4) both r,and 7. tend to r*, the correction to lowest order
in @ Az/c taking the form

2ik, Az(k? - kD (k, + k,)?
where k = k, or k.. Thus to first order in @ Az/c the difference between r,and r, is
2iky Az, L, ~2ik Az (o))z 5 £o AE
(kl + kz)z (ko ke) = (kl + k2)2 ¢ (1 Y ) c . (45)

Y
The reflection amplitude 7' is pure imaginary when the substrate is non-absorbing. Its
maximum magnitude (at ¢ = £45° and y = 0) for thin films is then

1V en = $ 7o — 7] _ 2am|Ae| Az
max — o cmax"(nl_i_nz)zl-

The direct reflection amplitude for thin crystal films is

Fo = Fe=

(46)

r=r,c08’ @ + r.sin? @ =r, + [2ik, Az/(ky + ky)?](KL cos? @ + kZsin® @ — k)
(47)

to lower order in the film thickness.

We now consider the case of an absorbing substrate. The Fresnel amplitude r; =
(k = k;)/(k + k,) is now complex for both the o and e waves. The radii and centres of
the circles on which r, move are now given by

a=|r|(1 = R))/(1 ~ R\Ry) c=r(1- R)/(1 - RRy) (48)

where R, = r} and R, = |r,|2. There still exists a point common to the r, and r, circles,
namely the Z = 1 zero-thickness value of r, and 7, as given in (39), but this is now
complex. Figure 2 shows the locii of r, and r, for calcite slabs on substrates of Al and Si.
We see that in the case of aluminium the reflection from the substrate is so strong as
to make the anisotropy unimportant, but that for the silicon substrate the effect of
anisotropy is significant.

5. Discussion of transmission properties of uniaxial layers
The formulae (37) give 7 and ', the transmission amplitudes of light polarized parallel

and perpendicular to the incident polarization, in terms of the transmission amplitudes
t,and  of isotropiclayers with refractive indices n, and non./n,. Forincident polarization
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Figure 1. The loci of r, and #_, drawn for calcite (r, =
1.658, n. = 1.486) in air. As the thickness Az of the
crystal plate increases, #, and r. move on circlesin the
complex plane. The r,-circle is fixed, while the r.-
circles (dashed) depend on the inclination of the optic
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Figure 2. Loci of r, and r, in the complex plane, for a
calcite slab of variable thickness on a substrate of
Al or 5i. The refractive indices at 633 nm are: Al,
1.566 + 7.9381; 8i, 4.0 + 0.12 i. The solid circles are
7o, the dashed circles r, with ¥ = .

axis to the surface. The direction cosine y of the optic
axis relative to the surface normal is zero on the inner
recircle, and =1/%/2 on the outer r_-circle.

either parallel or perpendicular to 7 X ¢ (the direction of £°), the exit polarization is the
same as that on entry. These orientations thus give zero transmission between crossed
polarizers. Let us consider the general case of the intensity transmitted through a crystal
between polarizer and analyser, with angle y between their easy axes, as shown in
figure 3. The electric field transmitted through the analyser is, for an incident field of
unit amplitude,

eitk2z= 9 (rcos ¥ + 1 sin ). (49)
Thus the transmitted intensity is given by
|tcos x + ¢ sin x[* = |¢}2 cos® x + |#'|2 sin? ¥ + 2|tt'| cos ¥ sin ¥ cos(ph(' /1)) (50)

where we use the notation & = |£| exp(i ph(£)). When the polarizer and analyser are
crossed (y = 90°), the intensity is

(1)

|2 = |t, — t.|? cos? @ sin® @

and is zero when g is a multiple of 90° (including zero).

The factor ¢, ~ .| depends on 2, the square of the cosine of the angle between the
plate normal and the optic axis, since £, is a function of n, = (g + y* Ag)? through k, =
kone/m,. In addition both ¢, and ¢, are functions of the thickness Az of the crystal plate.
The main effect on £, and ¢, of the variation of Az is through their phases, as we shall see

shortly. If this were the only effect, then
[to = £ef? = [to[? + l2c]* — 2|tote [ cos(phize/1o)) (52)

would have maxima and minima (|¢,| = |¢,|}* when the phase difference ph(z,/t,) passed
through odd and even multiples of 7z, respectively. The phase difference between ¢, and
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Figure 3. Polarizer, analyser and crystal orientation,  Figured, Quarticlociof i, (solid curve) and 1, (dashed

in the peneral case. curve). The t,-quartic is fixed, while the r-quartic
depends on the direction cosine y of the optic axis
relative to the surface normal. The curves are drawn
for calcite in air, as in figure 1, with ¥ = 0 {optic axis
in the reflecting plane). The values of Z = exp(ik Az)
are shown at special points.

I, is often given as (k. — k,) Az (see for example Born and Wolf (1965), equation (14.4)
(15)), but from (36) we see that it is actually

k2 +kqk,
Bh(te/1) = Bh(te) = ph(ss) = atn{ g tan(k, A2))
ka+koky )
atn (ko(kl %) tan(k, Az |. (53)

The difference between (33) and the approximate phase shift (k, — k,) Az is due to
multiple reflection of light within the crystal. This can be seen from the second form of
t, and ¢, shown in (36): if either or both of r, or r; are reduced to zero by antireflection
coating, the phases of f, and ¢, become exactly k, Az and k. Az. In the absence of
antireflection coatings, the phase increments of the ordinary and extraordinary waves
on passing through the crystal plate are different from these values. The phase difference
is the optically important quantity, and is given by (53).

We now give an exact treatment of ¢, and t,, and of their difference. The second
equality in (36) shows that both ¢, and z, can be written in the form

(1+ M1+ r)Z/(L +riry 2%) Z = exp(ik Az) (54)
where k takes the values k, or k. in r{, r, and Z. We assume the crystal is non-absorbing.
Then as Az increases, Z moves on the unit circle in the complex plane. The transmission

amplitudes z, and ¢, also move periodically around loci in the complex plane, with periods
2n/k, and 2n/k,in Az. At Z = =1 both ¢, and , take the value *:*, where

=1+ =2k f(ky + k). (35)
At Z = >1ithe values taken by t, and ¢, are %i#, and *ir,, where
o = 2k kof(Riky + k3) b= 2kkef(kiky + KD). (56)

To find the equations of the loci we proceed as in Dorf and Lekner (1987), equations
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(30) to (34): the relations between Z and ¢, or £, can be written as quadratics in Z.
Elimination of Z by means of ZZ* = 1 gives the followiny relation between the real and
imaginary parts of ¢, or ¢., each written as X + iY:

(X2 + Y32 = (1* X)? + (FY)2 57)

(We have assumed that the substrate is non-absorbing, so k; is real.) In (57) ¢* is given
by (55)—the same for ¢, and #~—and the #'-values are given by (56). Thus ¢, and ¢, move
on quartics in the complex plane, which share the points (¢t 0) and are symmetric
with respect to reflection in both X and ¥ axes. It is interesting that ¢;' and 77! move on
ellipses, with semiaxes (+*)~1, and (#}) ™!, (¢) ~*. This fact is useful in plotting the loci,
shown in figure 4.

We return now to the minima and maxima of |¢, — ¢.{. First we note that when the
optic axis lies along the surface normal, &, = k, and ¢, = 1, for all thicknesses of the
crystal slab. There is then no azimuthal dependence in reflection or transmission, and
the crystal behaves as an optically isotropic medium (for normal incidence). For a
general orientation of the optic axis, it is still possible for i, and ¢, to be equal, as we saw
in figure 4. This occurs if Z, and Z, are both -+1, or both —1. When &, # &, the minimum
non-zero thickness for this to be possible is

Az = Zﬂ/lko —ke|l=A/|n, - none/nyl- (58)

The maximum value of |1, — £, is either 2/ or ¢, + ri. The first possibility occurs when
Z,=+1and Z_ = —1, or vice versa; the second when Z, = +i and Z, = —i, or vice
versa. Since

>0 when (k; — kJ)(ka — k) >0 (59)

with a similar relation for ¢., the absolute maximum of |t, — .| is 2t* = 4k /(k| + ko) if
k,and k. are both greater than either of k, and k,, which is the usual case. If the substrate
and the medium of incidence have the same refractive indices, the maximum value
attainable by |¢, — f.| is 2. The minimum thickness for which either of the maxima 2t* ot
£ + ¢ can be possible is haif of that given in (38).

We note in conclusion that the characterization of the transmitted light in terms of
the transmission amplitudes ¢ and ' applies to wide beams, which can accurately be
represented by the plane wave given in the last line of equation (21). For narrow beams
passing through thick erystals there will be complete separation of the o and e rays within
the crystal, and two parallel beams will exit the crystal, perpendicularly polarized in the
E° and E° directions. The transmission amplitudes for these beams are £, cos ¢ and
t.sin . The identity

|£o[? cos® @ + |2.]? sin? @ = |¢, cos? @ + ¢, sin? @|? + [t, — £ |? cos® @ sin? @ (60)

shows that for given incident power, the transmitted total power in the two beams is the
same as it would be in a single very broad beam.
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