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Abstract

Seven invariants are derived for a coherent beam of spinless atoms. The
simplest of these arises from the continuity equation and can be interpreted as
the momentum content per unit length in the beam. It is an invariant in the sense
that it does not change along the length of the beam. Six further invariants arise
out of the conservation of momentum and of angular momentum. These are
expressed as integrals over planes normal to the beam propagation direction;
the integrands are composed of elements of a momentum flux density tensor,
analogous to the Maxwell stress tensor in the electrodynamic case.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Seven invariants of electromagnetic beams have recently been derived [1]. Their existence
follows from the conservation of energy, momentum and angular momentum. The simplest of
them can be interpreted as the momentum content per unit length of the beam, but originates
in energy conservation. It turns out that the energy content per unit length of the beam is not,
in general, an invariant (i.e. constant along the length of the beam): energy conservation is
expressed in terms of an energy flux density, and this is ¢? times the momentum density.

In this paper we shall derive analogous results for coherent beams of spinless particles, on
the assumption that there exists a probability amplitude W (r, ¢) for the beam. For such beams
we shall write down conservation laws in terms of a momentum density and a momentum
flux density, and then deduce the existence of seven beam invariants. The properties of
these invariants (and also of non-invariants such as the probability content and angular
momentum content per unit length of the beam) will be illustrated with the help of exact
beam wavefunctions [2—4].

There are some remarkable recent atom beam experiments. Toennies and collaborators
have focused on a “He atom beam using Fresnel zone plates [5], and diffracted a “He
beam by nanostructure transmission gratings [6]. Atom laser beams based on Bose—Einstein
condensates have been optically manipulated [7], their temporal coherence has been measured
[8] and a method of continuous detection has been demonstrated [9].
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We shall assume in this paper that a probability amplitude W (r, ¢) can represent a beam
of atoms of mass M, and further that it evolves in time according to H\WV = 170V /d¢, where
H is an effective Hamiltonian, the same as for an atom of mass M in external potential V (r):

H—_—th2+V() (1)
Y o

For example, for a stable steady-state Bose—Einstein condensate output, the mean field of
the condensate generates an effective potential, so that even if the condensate is in a highly
nonlinear regime, the linear description of beam properties is valid [10].

From the time-evolution (Schrodinger) equation, the well-known equation of continuity
follows

3w
at

+V. {%Im(\ll*v\ll)} =0. )

It may reassure the reader somewhat that the same form of continuity equation holds for the
(completely symmetrical) many-body wavefunction and Hamiltonian for N identical bosons:

2 N 5
W(ry, ..., TN, 1), m;va+V(r1,...,rN). 3)
In this case we find
IR - h
o +Zv,,. Mlm(\ll*vallf) =0. 4)
a=1

If we now define a number density n(r, t) and a many-body probability flux density S(r, ) by
N [&ry--- [dry|¥|? Ni [ &y [ Bry Im(W*V, W)

ry, ) = s S r, 1) = . 5
L) = ] oy WP €1, 7) M [ dri - [ Bry|WP ©)
we again have a continuity equation, namely

on(ry, t
$+V1 -S(r;, 1) =0. (6)

Proof. We first note that % f &Bry - f d*ry|W|? is zero, because from (4) it is equal to a
sum of terms each containing an integral of the form f &3r,V, - Im(¥*V, W), which is zero
provided Im(V*V, W) goes to zero suitably fast as r, tends to infinity. Thus

dn(ry, t BYN (& [BryVY,  Im(UFV,W
n(ry, 1) VSt — _Za_zf rz3 i rN3 2( ) )
ot M fdrlfder\IJ|
and the last term is zero as before. O

We shall henceforth assume that an atom beam can be represented by a probability
amplitude W (r, #) which satisfies the continuity equation (2). In the next section we shall
derive a beam invariant from (2), and relate it to the momentum content per unit length of
the beam. In sections 3 and 4 we shall deduce the existence of six more beam invariants,
three arising from the conservation of momentum, and three from the conservation of angular
momentum. Sections 5 and 6 explore these invariants for two members of the set i, of
exact beam wavefunctions (defined in section 5), and section 7 gives the angular momentum
properties of this set.
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2. Conservation of probability

Let us define a real momentum density p(r, ¢) for the state W (r, 7) by
p(r. 1) = H{W PV + ¥ (HY)*}, (8)

where P is the momentum operator —i2V. We see that
in
p(r,1) = %{‘DV\IJ* — UV} = Im(W*VW) = M S(r, 1), ©))

i.e. the momentum density divided by the atomic mass is equal to the probability flux density
S = L Im(¥*VW). The continuity equation (2) thus reads
V)P 1

—V.p=0. 10
o TV P (10)

In the case of ‘steady’ beams, where W is an energy eigenstate and evolves in time according
to W(r,t) = e E/y(r), the probability density |W|?> = ||* is independent of time, and
V .p = 0. (For beams which oscillate in time we can average over an integral number
of oscillations, denote such averages by a bar and obtain V - p = 0; such extensions will be
understood throughout this paper.) The analogous ‘steady’ electromagnetic beams have energy
and momentum densities, and also the elements of the Maxwell stress tensor, all independent
of time [4, 11].

The first beam invariant follows from V - p = 0 (or V - p = 0): applying f d’r =
o dx [Z dy = [[Fdpp fOZJT d¢ to 9y py + dypy + 3. p, = 0, we see that the 9, p, and 9, p,
terms integrate to zero (we assume throughout this paper that the beam is propagating in the
z direction, although of course there has to be convergence or spreading in the lateral directions).
For example, [ d?r 9, p, = [*_dy [° dx 3, p, = 0, since p, goes to zero at x = Foc0. What
remains is

0, / d’rp, =0, ie P/ = /dzr p. = constant. (11)

We use the notation P/, since dP, = P/ dz is the momentum content in a slice of thickness dz
of the beam, so P/ may be viewed as dP,/dz. Thus the momentum content per unit length of
the beam is the same everywhere along the length of the beam, i.e. P/ is an invariant of the
beam. But note that this invariance follows not from momentum conservation but from the
continuity equation, and arises because of the proportionality of the probability density flux
to the momentum density, equation (9).

One might think that the probability content per unit length,

N = /d2r|1p(r)|2, (12)

would also be an invariant (independent of z), but it is not. For wide beams of wavenumber &,
we do, however, have the approximate equality

P!~ hkN' (3)

which arises because in a wide beam each atom carries approximately 7k of momentum in the
beam propagation direction, so p.(r) ~ hk|y (r)|*. An example of this approximate equality
has been given in [4], where the wavefunction (i.e. solution of (V2 + k?)iy = 0, which is
Schrodinger’s equation in free space with energy 7%k%/2M)

_ 'b
t/flo<r)=j1(kR)Plo<Z R‘ ) R* = p*+(z —ib)* (14)



1728 J Lekner

probability and momentum densities for v, beam, kb=5

15

Figure 1. Probability density ||> and momentum density field-plot for the /1 beam, plotted for
kb = 5. The contours are at 0.8, 0.6, 0.4 and 0.2 of the maximumlle, which occurs at the centre
of the focal plane, i.e. at p = 0, z = 0. The arrows show [p., p.]. The three-dimensional picture
would be obtained by rotating the figure about the z-axis.

was used to evaluate PZ’ and N’. Writing 8 for kb, these are, from equations (51) and (50)
of [4],

P! =h(2wb)(88%) ' {2p* cosh2p — 2 sinh 28 + cosh 28 — 1} (15)

2
N = Qrb*H(8pH! {Zﬁ sinh28 — cosh28 +1 — 28 <IZ) sin 2kz + <é> [1— cos 2kz]}.
Z Z

(16)
For g = kb > 1, we have, in accord with (13),
’ ’ :3 —1 ) }
P//N =hk{l— —— + 0@ *#)}. (17)
o/ { B2 —1)

Figure 1 shows the probability density and momentum density associated with the beam
wavefunction given in (14); written out more explicitly, this is

sinkR coskR|z—1ib
(kR)? kR R

Figure 2 shows ik N’/ P/ for this wavefunction. Note that the deviation of this ratio from unity
is greatest for tightly focused beams (small B = kb), and within the focal region (|z| < b).

The energy density W*HW becomes E times the probability density |v/|> for ‘steady’
beams (for which W(r, ) = e £"/"y;(r) and Hy = E), so the energy content per unit
length becomes E’ = EN’ = (h*k?>/2M)N’. This is not an invariant: energy conservation for
steady beams is expressed in the continuity equation, and thus in the invariance of P,.

Vio(r) = [ , R? = p? + (z — ib)%. (18)

3. Conservation of momentum

Momentum conservation for the electromagnetic field is written in terms of the Maxwell
stress tensor. We wish to write an analogous momentum conservation law for a particle field
described by W (r, t), in the form

opi )
T +;a,z,-j=f,», i=x,y,2 (19)
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hieN'/P] for yr,, beam

Figure 2. The ratio of the non-invariant 7k N to the invariant P/ for the 110 beam, plotted as a
function of z and of the parameter 8 = kb. The smallest value shown is 8 = 2, corresponding to a
very tightly focused beam. As 8 increases (and the beam widens) the ratio 2k N’/ P/ tends to unity
as 1+ 28) 1+ 0(872), forall z.

where p; is a component of the momentum density, defined in (8) or (9), 7;; are elements of
a momentum flux density tensor, to be derived below, and f; is a component of force density.
From the definition of p(r, #) and Schrodinger’s time evolution equation HW = ihdW/dt, we
find

d 1

B_It) = 5{(H\II)V\I/* —WV(HY) + (HY) VY — U*V(HWY)]. (20)
We take H to be given by (1); the right-hand side of (20) splits into potential and kinetic parts.
The potential part simplifies to —V*WVV, i.e. a force density f(r, t), as expected. The kinetic

part is

—n?
m{(vzww\y* — WV(V2UH) + (V2UH VY — UV (V). (21)
The ith component of this expression is
g 2 2 2 2
i {(07W)0, W* — Wo,07W" + (9;W") 0, W — W™ 9,0, W}
j=1
_p2 3
=7 Z 9;{2(0; ™), W +2(3; W)d; W™ — 9;0; (¥*W)}. (22)
j=1
Thus a conservation law of the form (19) does indeed hold, with
: * * 1 *
T = M {(a,w )0 W+ (0;W)0; " — Ea,-aj(\y ‘ll)}. (23)
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This momentum flux density tensor is real and symmetric. Note that it is not the same as the

‘stress tensor for the probability fluid’ [12, 13], namely
2

T, = :’—M[aiaj(qz*\y) — (W) (W), (W) 24)

We shall now derive three beam invariants associated with momentum conservation by
operating with [ d?r on the steady beam form of (19) (or on the time-averaged (19) in the
case of beams which oscillate). In the absence of external forces, equations (19) then become
Zi 0;7;; = 0, i.e. three equations of the form 0,7,, + 9,7, + 3,7, = 0. Applying fdzr

gives zero for the d, and 0, terms, e.g. f d?r OyTyy = ffooo dx rxy] Oooo, which is zero because

y=
y=-
¥ is bounded in the transverse (x and y) directions, by assumption. Thus we are left with
3, [ d*r 7o, = 0, i.e. the invariant

K2 1
[ 2 _ 2 * ® *
Tl = [d rre= o /d r [(axw e+ QAU — 20,00 w>]. 25)

(When external forces are present, the rate of change of T, with z equals | d*r f,.) The other
two invariants, from the other two equations, are

K2 1
T, = /d2r Ty = /dzr [(ayw*)azw + (Y)Y " — anaz(ng*l//)]
(26)
n? 1
[ 2 _ 2 * a2 %
Tzz—/d rrzz—zM/dr[Z(azilf )EAY 281(1# 1//)}-

When v (r) = ¥ (p, 2), i.e. ¥ is independent of the azimuthal angle ¢, T, and Tv’z will be
zero. To show this we convert to cylindrical polars p, z, ¢ and note that

0y = cos ¢d, — p~!sin @9y, 0y = sin¢d, + p Lcos @0y. 27
When v is independent of ¢, the integrands of 7, and T}fZ contain the factors cos ¢ and sin ¢,
respectively, and thus integrate to zero over ¢.

4. Conservation of angular momentum

We are considering beams of spinless particles, so the angular momentum density is given by

i) =rxp(r,0), or  ji=>> Eiurip (28)
J ok

By analogy with the electromagnetic case [1, 14], we define the angular momentum flux
density tensor x in terms of the momentum flux density tensor t:

Mo = Z Z EijkTjThe- (29)
Tk

Then the rate of change of angular momentum density (in the absence of external torques) is
given by

0ji
—+E Oergi =0 30
ot - (4224 (30)

For example, j, = xp, — yp, and {Z_? +2;0;1; = 0,50

dJz
0= 8—;+X§:aj‘[yj —ij:aj‘L'Xj

dj
= a—;+Zaj(xry, — yT)) 31)
J

because T, = Tyy.
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Three more beam invariants follow on the application of [ d?r to the three equations (30),
by steps analogous to those used to establish the invariance of 7}, 7y, and T}, in section 3.
The beam invariants associated with the conservation of angular momentum are

Mz/x = /dzr Mzx = /dzr[y":zz — 2Ty]
Méy = /dzr Hzy = /dzr[Zsz — XT] (32)

M, = /dzr Mo = /dzr[xryz — YTyl

When v/ is independent of the azimuthal angle ¢, 7., is proportional to cos¢, T,; is
proportional to sin¢ and 7. is independent of ¢. Thus the integrands of M, and Méy are
proportional to sin¢ and cos ¢, respectively, and integrate to zero over ¢. The integrand of
M, is proportional to cos ¢ sin¢, and also integrates to zero over ¢. Thus when the beam
wavefunction is independent of the azimuthal angle, only two beam invariants are nonzero:
Pl and T]..

The angular momentum content per unit length, J’, has the component along the beam
propagation direction J, = f d*r j.,

Jo = XPy = YPx = PPy (33)
where py = cos¢p, — singp, is the azimuthal component of the momentum density.
When ¢ is independent of the azimuthal angle we have from p = ZIm(¥*Vy) that
px =hcosIm(y*d,¥), py = hsing Im(y*9,v), and so py is identically zero. The other
two components are not identically zero, but integrate to zero over ¢ when v is independent
of ¢, e.g.

Jx = yp: — zpy = hpsing Im(y*0.y) — hzsing Im(y*9,9). (34)

We shall see later that J! = [ d?r j, is not an invariant: the angular momentum content per
unit length is in general not the same along the length of the beam.

5. Invariants of the 1);) beam

The ¥r1p beam wavefunction, given in (14) and more explicitly in (18), is the lowest of the set
(2-4]

—ib\ .
Vem = je(kR) Py (Z R‘ )e"“’ (35)

which has a convergent normalization in any slice of the beam, i.e. for which N' = f d*r |y |?
exists. (Yoo = sinkR/kR has a logarithmically divergent N’: see section 2 of [4].) The
invariant P/ and the non-invariant N" were evaluated in [4], and are given above in equations
(15) and (16). As we saw in the last section, only two beam invariants are nonzero when the
beam wavefunction is independent of the azimuthal angle: P/ and T/,. Thus only 77, (given
in (26)) remains to be evaluated.

In performing the differentiations and integrations it is convenient to transform to oblate
spheroidal coordinates & and 7, in which

p=by(1+&E)(1 —n?), z = bén, R = b(§ —1in). (36)

In oblate spheroidal coordinates we have

. . En—i _
Yo = j1lBE —in)]——, B = kb. 37
§—1n
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We shall also make use of (A.7) of [4] to evaluate integrals over a plane of fixed z:

00 1 z 2
/ dp pp. = bz/ dpn~" | n° + (—) p-- (38)
0 0 bn

Differentiations with respect to p and z are readily transformed to differentiations with respect

to & and 1 by means of formulae given in the appendix of [4]. We find, with 8 = kb as before,
h2

T/, = ﬁ(zn)(sﬁ“)*‘[mﬁ +6p)sinh 28 — (68% +3)cosh28+3].  (39)

Large S corresponds to broad, weakly focused beams: the diffraction length b (also known
as the Rayleigh length) gives the length of focal region of the beam, and also determines the
beam waist, which is (2b/k)'/?>. Thus when kb is large, the beam waist (28)/2k~! =
(2B)'/?x /27 is many wavelengths wide, and the focal region is many wavelengths long. At
large B, the ratio of the two nonzero invariants has the limit
T/, hk

z _, 0K
P/ M
which is the speed of the atoms in the (wide) beam.

(40)

6. Invariants of the v);; beam

The beam wavefunction

_ 'b .
Y21 = ja(kR) Py (Z Rl )e“", R* = p* + (z — ib)?, (41)

is the next one in the set (35) to have a non-divergent normalization integral N’ = f d?r |y )2
(Those with £—m odd have the necessary convergence [4].) It is also the simplest of the
convergent subset to have ¢-dependence. Replacing e'® by e™'* changes the sign of j., as
expected; see (44).

We shall examine next the properties of beams with wavefunctions which have e®
dependence, before evaluating the invariants of the ¥r,; beam. From (27) we see that

Tcos ¢ (42)

when operating on a wavefunction of the form f(p, z) €”?. Thus the x and y components of
the momentum density become

Py —> hicos Im(y*d,v) — mhp~" sinp|y|?

py — hising Im(¥*3,¥) + mhp~" cos p|y|*.
The longitudinal (z) component of the angular momentum density (33) then simplifies to

dy — cos¢d, — imp~! sin ¢, dy — sing +imp~

(43)

J: = Xpy = Ypx = ppy = mhly|’, (44)
i.e. it is just mh times the probability density |1/|>. Hence the angular momentum component
along the beam propagation direction has the content per unit length of beam given by

J = /dzrjz — mh/dzr [¥|> = mhN'. (45)

We have already established that N’ is not an invariant (in general), so J/ is not an invariant
either.

The transverse components of angular momentum density integrate to zero over ¢: for
example,

Jx = Yp: —2py = hpsing Im(Y*9.9) — z{hising Im(y*d,¥) + mhp~" cos Y’} (46)
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In the evaluation of the momentum and angular momentum invariants 7;. and M}, we
need the elements 7,., 7,; and 7., of the momentum flux density tensor. When the beam
wavefunction has the form f(p, z) e”?  these become

2M 1
FER i 2cos ¢ Re{(8,¥™)(3:9)} — 2mp ™" sin ¢ Im(y*d.9) — 5 cos ¢, 19 *

2

i, 1 47
h—zryz — 25in¢Re{(8p1ﬂ*)(azw)} + 2m,o’1 cos ¢ Im(yr*0,v) — 3 sin¢3p81|1ﬁ|2.

These integrate to zero over ¢, so 7, and Ty’z are zero for e"? beams. The angular momentum
invariants M, and M are zero for the same reason. However, M__ is the section integral of

XTy, — YTy, = plcos ¢t,, —sinpz, | — 2m(h2/2M) Im(y*9,v), (48)

SO
M PN [ @rimepra g = " 49
zz_)m(ﬁ>/ Vm(lﬁ ZW)—T- ( )

The results (45) and (49) are consistent with the picture of each atom carrying (on
average) angular momentum m# in orbiting the beam axis, when the wavefunction azimuthal
dependence is e"?.

We therefore have three nonzero invariants P/, T, and M.  for beams with eime
dependence, of which we need evaluate only the first two, because of (49). For the ¥
beam, with explicit wavefunction

S D S SR 3pz—ib) iy
Yoy = {|:(kR)3 kR:|smkR &R coskR} 7 e, (50)

We again transform to oblate spheroidal coordinates to perform the differentiations and
integrations. The intermediate expressions are large, but the results are simple:

P! = 27)(mb)(8B°) ' [(2B° + 6B) sinh 2 — (587 + 3) cosh 2B — p* + 3] (51)

2

T/, = (27) <27’—M> 8B [(4B* + 2782 +15) cosh 28 — (148> +308) sinh 28 + 38> — 15].

(52)

The ratio of these invariants has the same wide-beam (large ) limit as we found for the 1o
beam (equation (40)).

We shall also give the two non-invariants: the probability content per unit length, and the
angular momentum content per unit length. For the y,; beam these are functions of z. We use
the ¢ = kz in the following:

N'(z) = /dzr W |> = 2m)b>(168%)~! { (4B% +3) cosh2B — 6Bsinh 28 + 28> — 3

4
+ (9) [(4c% —3)cos2; — 6 sin2¢ +20% +3]¢. (53)
Z

This function is not singular at z = 0, where it takes the value
N'(0) = 27b*(168%) 1 {(48° + 3) cosh 28 — 6B sinh 28 — 28* + 28% — 3}. (54)

The angular momentum content for ¢® beams is (from (45)) mh times the probability content,
so J. =hN' for the ¥, beam.
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probability and momentum densities for y,,, beam, kb=5

T e —

/

P e . . =
-15 -10 10 15
Figure 3. Probability density [1/|> and momentum density field-plot for the 5, beam, plotted for
kb = 5. The contours are at 80%, 60%, 40% and 20% of the maximum value of |y/|2. The arrows

show [p., px]. Note that the beam is hollow, in probability and in momentum. Rotation about the
beam (z) axis gives the three-dimensional picture.

HkN /P, for y,, beam

N

Figure 4. The ratio 1k N’/ P, for the 21 beam, shown for kb = 2 to kb = 10 as a function of z.
The focal plane is z = 0. For large § = kb, the ratio ikN’/ P} tends to 1+ =1 + O (B72), for all z.
The angular momentum content per unit length J/ is equal to ZN’, from (45).

Figure 3 shows the probability density and momentum density of the i, beam, while
figure 4 shows hkN’/ Pz’ for this beam. From (51) and (53) we find that this ratio tends to
unity for wide beams (large ), as we found to be the case for the vr;p beam in equation (17).
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7. Angular momentum properties of the v,,,, wavefunctions

When b — 0, the ¥, wavefunctions of equation (35) (with m = 0) become the partial waves
in the expansion of a plane wave, introduced by Rayleigh in the theory of scattering of sound
([15], section 334):

ek = Z i“2€ + 1) jo (kr) Py(cos 0). (55)
=0
Each term on the right-hand side is an eigenstate of the angular momentum operator L =
—ifr x V. The eigenvalues of L. and L? are zero and £(£ + 1)A2, respectively. It was noted
in [4] that the v, wavefunctions (35) are eigenfunctions of the shifted operator
L=—ir(r—ry) xV, r, =[0,0,ib]. (56)
This shift in the angular momentum operator corresponds to the (imaginary) shift in z, by
means of which the ¥, may be obtained from j,(kr) P, (f) e,

We shall give some of the properties of L and L. First we note that L. = —if (x0, —
yd,) = —ihd, is not changed by a translation in the z-coordinate, real or imaginary. Thus
L, = L and the v, are eigenfunctions of L, with eigenvalues m#. However, L, and L, are
changed by the imaginary translation:

L, = —ih(yd, — zdy) — L, = L, +hbd,

. = (57)
L, = —ih(zdy — x9;) — Ly, = L, — hbox.
There is a corresponding change in L> = L3 + L3 + LZ:
L7 = L2 + 1 {(b” +2ib2) (9] + 37) — 2ib(xdy + ydy + 1)0.} 58)

=L> +r*{(b* +2ibz)(0; + p ' 9, + p~20y) — 2ib(pd, + 1)9.}.

The L2 operator has the expected eigenvalues when operating on the 1, wavefunctions,
namely £(¢ + 1)i>.

8. Summary

Seven invariants (quantities which are constant along the beam length) exist for coherent atom
beams. These originate from the conservation of particles, the conservation of momentum
and the conservation of angular momentum. The simplest invariant can be interpreted as the
momentum content per unit length of the beam. The probability content per unit length N’
and the angular momentum content per unit length J/ are not invariants in general, but for
wide beams we do have the approximate equalities

P!~ hkN’, (13)
J. ~hmN' (45)

corresponding to the picture of each atom carrying an average momentum %k in the beam
propagation direction and angular momentum 7m about the beam direction.

Symmetries reduce the number of nonzero invariants. For beams characterized by
wavefunctions which are independent of the azimuthal angle ¢, only two are nonzero: P/
and T7,. For beams which have azimuthal dependence e? there are three nonzero invariants
P!, T/, and M]_, but the last is determined by P.

The beam invariants, and the non-invariant N’, have been calculated for two exact beam
wavefunctions. These wavefunctions are part of a set which are all eigenstates of a modified

angular momentum operator.
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